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Abstract

We study the resummation of self-energy diagrams into dressed propagators in the case

of purely virtual particles and compare the results with those obtained for physical particles

and ghosts. The three geometric series differ by infinitely many contact terms, which do not

admit well-defined sums. The peak region, which is outside the convergence domain, can

only be reached in the case of physical particles, thanks to analyticity. In the other cases,

nonperturbative effects become important. To clarify the matter, we introduce the energy

resolution ∆E around the peak and argue that a “peak uncertainty” ∆E & ∆Emin ≃ Γf/2

around energies E ≃ mf expresses the impossibility to approach the fakeon too closely,

mf being the fakeon mass and Γf being the fakeon width. The introduction of ∆E is also

crucial to explain the observation of unstable long-lived particles, like the muon. Indeed,

by the common energy-time uncertainty relation, such particles are also affected by ill-

defined sums at ∆E = 0, whenever we separate their observation from the observation of

their decay products. We study the regime of large Γf, which applies to collider physics

(and situations like the one of the Z boson), and the regime of small Γf, which applies to

quantum gravity (and situations like the one of the muon).
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1 Introduction

Perturbative quantum field theory is the most successful framework for the investigation

of the fundamental interactions of nature. Its predictions have been repeatedly confirmed

in the context of the standard model of particle physics. Moreover, it has the chance to

explain quantum gravity.

The principles on which it is based, which are locality, renormalizability and unitarity,

can be phrased in simple terms. Even unitarity, usually formulated in terms of cut diagrams

[1, 2, 3, 4, 5], can be understood as a collection of relatively simple algebraic identities [6].

The nonperturbative sector of quantum field theory is still elusive. Most knowledge

available today beyond the perturbation expansion, concerning the anomalies, the running

couplings and the particle widths, comes from the resummation of the perturbative series,

combined with analyticity.

The particle widths are obtained by resumming the geometric series due to the self-

energy diagrams. This is normally a straightforward operation and gives the so-called

dressed propagators. Yet, a geometric series has a finite convergence radius. Since the

“peak region” can only be reached by means of analyticity, the issue must be reconsidered

when analyticity is not available.

In this paper we investigate the dressed propagators of physical particles, purely virtual

particles and ghosts. We show that they differ by infinitely many contact terms, which do

not admit well-defined sums in the sense of mathematical distributions. Unexpected prop-

erties emerge even in the case of physical particles, concerning the experimental observation

of long-lived, unstable particles, like the muon.

Normally, the muon is treated as an approximately stable particle, due to its long

lifetime. Because its width is very small (around 10−19GeV), the free muon propagator is

used, instead of the dressed one. So doing, satisfactory predictions are obtained in most

cases.

Nothing prevents us from using the dressed propagator of the muon, at least in principle.

Then we discover that the resummation of self-energies is problematic even in the case of

physical particles, when we want to separate their observation from the observation of their

decay products. If we make the separation after the resummation, we find a well-defined

result, which however vanishes: the theory predicts... no muon observation at all! This

result is, strictly speaking, correct, since the theory of scattering deals with processes that

occur between incoming states at t = −∞ and outgoing states at t = +∞: no matter how

long the muons live, they cannot survive till the end of time. Yet, it is troubling that the
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dressed propagator fails to explain a simple phenomenon like the observation of the muon.

Recapitulating, in order to explain the experimental fact that we do observe the muon,

we tweak the theory by pretending that the muon is a stable particle, ignore the fact that

the resummation of the self-energies kills the possibility to observe it and use the free muon

propagator. This situation is clearly unsatisfactory. We call it “the problem of the muon”.

We show that the problem is solved by introducing the energy resolution ∆E around

the peak, which is necessary to describe scattering processes occurring within a finite

amount of time ∆t <∞. Then we obtain the correct result (i.e., that the muon is indeed

observable) even after the resummation of the self-energies into the dressed propagator.

The reason why a nonzero ∆E is necessary to observe the muon is that ∆E = 0 implies

an infinite uncertainty on the measurement of time, which makes every unstable particle

decay before we can actually observe it. It is impossible to observe an unstable particle

with infinite resolving power on the energy: because the observation requires a finite time

resolution ∆̄t (smaller than the particle lifetime), the energy-time uncertainty principle

would be violated. Quantum field theory “knows it” and creates problems in the crucial

places.

The energy resolution ∆E is useful for many other purposes. In particular, it allows

us to clarify what happens in the cases of purely virtual particles and ghosts, by properly

treating the contact terms mentioned above. We show that in those cases the geometric

series cannot be resummed in the peak region, because analyticity is unable to justify that

operation. We argue that nonperturbative effects play crucial roles there and that, in the

case of fakeons, the physical meaning is a new type of uncertainty, which we call “peak

uncertainty”. It codifies the reaction of the fakeon when we attempt to “approach it too

closely”.

Basically, the energy resolution ∆E around the peak, in the particle’s rest frame, cannot

be smaller than a certain minimum amount: ∆E & ∆Emin ≃ Γf/2 around energies E ≃ mf,

where mf and Γf are the fakeon mass and the fakeon width, respectively. The uncertainty

relation actually provides the physical meaning of the “width” of a purely virtual particle.

We compare two phenomenological regimes: the regime of large Γf, which applies to

collider physics and situations like the one of the Z boson (∆E ≪ Γf/2); and the regime of

small Γf, which applies to quantum gravity and situations like the one of the muon (∆E ≫
Γf/2). The peak uncertainty does not have a relation with the violation of microcausality

[7], also due to fakeons. Ghosts are interested by a peak uncertainty as well, but we cannot

attach a physical significance to it.
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Purely virtual particles, or fake particles, or “fakeons”[8], can be used to propose new

physics beyond the standard model, by evading common constraints in collider physics [9],

offering new possibilities of solving discrepancies with data [10], or formulating a consistent

theory of quantum gravity [11], which is experimentally testable due to its predictions in

inflationary cosmology [12]. By pursuing an approach that is radically different from

the previous ones, fakeons define a new diagrammatics [6], which can be implemented in

softwares like FeynCalc, FormCalc, LoopTools and Package-X [13] and used to work out

physical predictions. The only requirement is that fakeons be massive and non tachyonic

(the real part of the squared mass should be strictly positive). The no tachyon condition

is especially important in cosmology and leads to the ABP bound [12], which is crucial for

the sharp prediction of the tensor-to-scalar ratio r. For proofs to all orders, see [8, 6].

The investigation of dressed propagators is relevant to model building for new physics

beyond the standard model, which may involve relatively light fake particles. The com-

parison with physical particles and ghosts is useful to better appreciate the key points.

The ghost prescription we treat in this paper is the usual Feynman iǫ one, which gives

positive energy, but indefinite metric. Equivalently, it is the one inherited from the Wick

rotation of the Euclidean theory. It is commonly used for the Pauli-Villars fields [14], the

Faddeev-Popov ghosts and the longitudinal and temporal components of the gauge fields.

However, the resummation of self-energies in the regularization and gauge-fixing sectors

of a gauge theory is not strictly necessary, which probably explains why it has not been

investigated extensively so far. In higher-derivative gravity, the same prescription defines

the Stelle theory [15] (see also [16]). There, the violation of unitary makes the study

of dressed propagators less compelling. Other ghost prescriptions, like the Lee-Wick one

[17, 18, 19, 20, 21, 22], are discussed in a separate paper [23].

The paper is organized as follows. In section 2 we formally resum the self-energy

diagrams in the three cases. In section 3 we show that the expansions differ by infinitely

many contact terms, which do not sum into well-defined mathematical distributions. In

section 4 we study the dressed propagators of physical particles and show that, although

analyticity allows us to trust the resummation everywhere, including the peaks, the result

cannot explain the observation of the muon. We solve this problem by introducing the

energy resolution ∆E. In section 5 we study purely virtual particles and show that the

resummation can be trusted only if ∆E satisfies a certain bound, which we interpret as a

peak uncertainty relation. In section 6 we show that the resummation faces similar, but

different challenges in the case of ghosts. In section 7 we study the regimes ∆E ≪ Γ/2 and

∆E ≫ Γ/2 and provide phenomenological candidates for the dressed propagators around
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Figure 1: Resummation of self-energies

the peaks. In section 8 we compare the peak uncertainty relation with the violation

of microcausality and show that the two properties are essentially unrelated. Section

9 contains the conclusions. The appendices collect technical derivations and proofs of

formulas and properties used in the paper.

2 Formal resummation of self energies

In this section we formally resum the self-energy diagrams (see fig. 1) in the cases of

physical particles ϕ, fakeons χ and ghosts φ. We postpone the discussion about the domains

where the resummations make sense to the next sections.

2.1 Physical particles

The tree-level propagator of a physical particle ϕ is

Pϕ(p
2,m2, ǫ) =

i

p2 −m2 + iǫ
. (2.1)

Let (−i)Σ(p2) denote the amputated one-particle irreducible (1PI) ϕ two-point function,

which has the form

(−i)Σ(p2) = −
∑

j

θ(p2 −M2
j )Bj(p

2)− iA(p2),

where A(p2) and Bj(p
2) are real functions and M2

j are the thresholds of the ϕ decay

processes. The sum is nonnegative due to the optical theorem, which gives Im[−Σ] > 0.

The full ϕ two-point function P̂ϕ, obtained by resumming a geometric series, is

P̂ϕ = Pϕ

∞
∑

n=0

(−iΣPϕ)
n =

i

p2 −m2 − Σ(p2) + iǫ
. (2.2)

For most purposes, it is sufficient to study (2.2) around the peak. Assuming that Σ(p2) is

nonzero there, we can use the approximation

Σ(p2) ≃ Z−1(∆m2−imphΓ)+(1−Z−1)(p2−m2), m2
ph ≡ m2+∆m2, Γ > 0, (2.3)
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A B

Figure 2: Internal lines that, if broken, disconnect the diagram

with Z real and positive1. We obtain

P̂ϕ ≃
iZ

p2 −m2
ph + i(ǫ̃+mphΓ)

(2.4)

where ǫ̃ = ǫZ.

2.2 Purely virtual particles

Purely virtual particles χ can be obtained either from physical particles or ghosts, by

changing their quantization prescriptions into the fakeon ones. We first concentrate on the

fakeons obtained from physical particles. Their tree-level propagator is [7]

Pχ(p
2,m2, ǫ) =

i(p2 −m2)

(p2 −m2)2 + ǫ2
→
ǫ→0
P i

p2 −m2
, (2.5)

where P denotes the Cauchy principal value. Only minor modifications, discussed later,

are required to treat the fakeons obtained from ghosts, whose free propagators are the

opposite of (2.5).

Formula (2.5) applies to any line that, if broken, disconnects the diagram. Examples

are the lines A or B in fig. 2. It cannot be used inside the loop diagrams, as shown in ref.

[24] (see also [6]), but this is not of our concern in the present paper.

If (−i)Σ(p2) denotes the amputated 1PI χ two-point function, the formal resummation

gives the dressed propagator

P̂χ = Pχ

∞
∑

n=0

(−iΣPχ)
n =

i(p2 −m2)

(p2 −m2)[p2 −m2 − Σ(p2)] + ǫ2
. (2.6)

1The approximation amounts to consider the Taylor expansion of Σ(p2) around p2 = m2 and neglect

O((p2−m2)2) in the real part, O(p2−m2) in the imaginary part. The optical theorem Im[−Σ] > 0 implies

Γ > 0. We cannot include further corrections to the imaginary part, because the optical theorem would

then force us to include them all.
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When we do not specify the arguments of Pχ, we mean Pχ(p
2,m2, ǫ).

If we study the approximation (2.3) around the peak, we find that Γ is nonnegative

again, by the optical theorem. It receives contributions from the physical particles circu-

lating in the 1PI χ two-point function. The formal result is thus

P̂χ ≃
iZ(p2 −m2)

(p2 −m2)(p2 −m2
ph + imphΓ) + ǫ̃2

. (2.7)

where ǫ̃ = ǫZ1/2.

There are actually other options to perform the resummation in the case of purely

virtual particles. Since we cannot predict the final outcome in the peak region, which,

as we have anticipated, triggers nonperturbative effects, it is interesting to explore the

alternatives. In particular, the powers of ∆m2 redefine the squared mass, which may or

may not have an impact on the problems we consider here. Formula (2.7) describes the

situation where they do. If we assume that they do not, we can proceed as explained in

appendix A, where we resum ∆m2 by default into m2
ph. The result is

P̂χ ≃
iZ(p2 −m2

ph)

(p2 −m2
ph)(p

2 −m2
ph + imphΓ) + ǫ̃2

. (2.8)

Summarizing, we have two candidates for the dressed propagator of purely virtual

particles: (2.7) and (2.8). Neither is satisfactory, though. We can see it by noting that,

in the limit ǫ̃ → 0, both (2.7) and (2.8) give the same result we obtain from the physical

particle, formula (2.4). The difference between a fakeon and a physical particle appears to

be washed away by the resummation. This cannot be correct, since if we expand the sums

we must find back what we summed.

Something suspicious is the simplification of p2−m2 in (2.7) and p2−m2
ph (2.8) between

the numerator and the denominator when ǫ̃ tends to zero. The point is that we cannot

take the limit ǫ̃→ 0 so naively.

2.3 Ghosts

Ghosts φ have the tree-level propagator

Pφ(p
2,m2, ǫ) = − i

p2 −m2 + iǫ
. (2.9)

Although the prescription is the Feynman one, the minus sign in front makes a crucial

difference, as we are going to show. If, as before, (−i)Σ(p2) denotes the amputated 1PI φ
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two-point function, the resummation gives

P̂φ = Pφ

∞
∑

n=0

(−iΣPφ)
n = − i

p2 −m2 + Σ(p2) + iǫ
.

For convenience, we rearrange the approximation (2.3) around p2 ≃ m2 as

Σ(p2) ≃ Z−1(−∆m2 − imphΓ) + (Z−1 − 1)(p2 −m2), m2
ph ≡ m2 +∆m2, Γ > 0,

(2.10)

by changing the conventions for ∆m2 and Z. We can still assume Γ > 0, because, if

φ “decays” into lighter physical particles, −iΣ is the same as before at one loop around

p2 ≃ m2. We obtain

P̂φ ≃ −
iZ

p2 −m2
ph + i(ǫ̃−mphΓ)

(2.11)

close to the ghost peak, where ǫ̃ = ǫZ. Note the crucial sign difference appearing in

ǫ̃−mphΓ with respect to (2.4). Again, we cannot take the limit ǫ̃→ 0 naively, because it

reverses the prescription.

3 Differences among physical particles, fake particles

and ghosts

In this section we analyze of the differences among the perturbative expansions of P̂ϕ, P̂χ

and P̂φ. We assume Z = 1 and ∆m2 = 0, to simplify the formulas and concentrate on the

effects of the width Γ. We also assume that m and Γ are the same in the three cases. We

have

P̂ϕ≃
i

p2 −m2 + i(ǫ+mΓ)
, P̂χ ≃

i(p2 −m2)

(p2 −m2)(p2 −m2 + imΓ) + ǫ2
,

P̂φ≃−
i

p2 −m2 + i(ǫ−mΓ)
, (3.1)

respectively.

Since ǫ is a mathematical artifact, it must tend to zero at the end. We can take two

attitudes towards this limit: we can study the limit ǫ→ 0 term by term in the perturbative

expansion and then resum; or first resum and let ǫ → 0 at the end. The former is what

perturbative quantum field theory asks us to do, strictly speaking, so for the time being

we concentrate on this option.
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The formulas (3.1) have to be meant as shorthand expressions for their perturbative

expansions, which are the expansion in powers of Γ. We show that, in the cases of purely

virtual particles and ghosts, the resummations are not legitimate, because they do not

make sense as mathematical distributions. We mostly concentrate on the real parts, but

the arguments and results easily extend to the whole P̂ϕ, P̂χ and P̂φ.

3.1 Difference with ghosts

It is convenient to start from the difference Im[im2(P̂ϕ − P̂φ)] between physical particles

and ghosts, which can be written as

Im[im2(P̂ϕ − P̂φ)] =
i

2

[

1

x+ iΓ̂ + iǫ̂
− 1

x+ iΓ̂− iǫ̂
+

1

x− iΓ̂ + iǫ̂
− 1

x− iΓ̂− iǫ̂

]

, (3.2)

where x ≡ (p2 − m2)/m2, ǫ̂ = ǫ/m2 and Γ̂ = Γ/m. Naively, the right-hand side tends

to zero when ǫ̂ tends to zero. Considering ±iΓ̂ as shifts of x, and recalling that we are

working on the series expansions in powers of Γ̂, we can formally write

Im[im2(P̂ϕ − P̂φ)]
∣

∣

∣

ǫ̂→0
= π

[

δ(x+ iΓ̂) + δ(x− iΓ̂)
]

= 2π
∞
∑

n=0

(−Γ̂2)n

(2n)!
δ(2n)(x). (3.3)

The expressions δ(x±iΓ̂) are, again, shorthand notations for their perturbative expansions

in powers of Γ̂. We see that the difference (3.2) is not zero, but an infinite series of contact

terms. Now, Im[im2P̂ϕ] resums into a well-behaved function, which is the Breit-Wigner

formula

Im[im2P̂ϕ] =
ǫ̂+ Γ̂

x2 + (ǫ̂+ Γ̂)2
−→
ǫ̂→0

Γ̂

x2 + Γ̂2
.

We conclude that Im[im2P̂φ]
∣

∣

∣

ǫ̂→0
is equal to the same thing minus 2π∆Γ̂(x), where

∆Γ̂(x) ≡
∞
∑

n=0

(−Γ̂2)n

(2n)!
δ(2n)(x) =

1

2
[δ(x+ iΓ̂) + δ(x− iΓ̂)]. (3.4)

The question is: what is ∆Γ̂(x)? Evidently, it is not a function. We could accept it

as a mathematical distribution. In appendix B we show in detail that it is not even a

distribution. Here we discuss the physical meaning of this fact.

At the practical level, we cannot determine the momenta of the incoming particles with

absolute precision, so the true incoming state can be written as a superposition

|in〉 =
∫

d3k1

2k0
1(2π)

3

d3k2

2k0
2(2π)

3
f1(k1)f2(k2)|k1,k2, in〉,
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where f1(k1) and f2(k2) are the amplitudes of the wave packets and |k1,k2,in〉 denotes the
ideal state where the incoming particles have definite momenta k1 and k2. Mathematically,

the wave packets can be seen as test functions and the correlation functions as distributions.

If we choose the wave packets in a suitable way, ∆Γ̂(x) originates absurdities of new

types (not directly related the violations of unitarity, typical of ghosts). For example,

if we take the convolution of the function ∆Γ̂(x) with certain wave packets of incoming

momenta, we can generate a pole at p2 = m2 out of nowhere, with no width:

∫ +∞

−∞

dy∆Γ̂(x− y)
y

y2 + Γ̂2
=

1

x

x2 + 2Γ̂2

x2 + 4Γ̂2
=

m2

p2 −m2

(p2 −m2)2 + 2m2Γ2

(p2 −m2)2 + 4m2Γ2
.

3.2 Perturbative expansions by means of distributions

To extend this analysis to purely virtual particles and study P̂ϕ, P̂χ and P̂φ further, it is

useful to work out a systematic expansion by means of distributions. For example, if we

use identities such as

d

dǫ̂

ǫ̂

x2 + ǫ̂2
= − d

dx

x

x2 + ǫ̂2
,

d

dǫ̂

x

x2 + ǫ̂2
=

d

dx

ǫ̂

x2 + ǫ̂2
,

the expansion of the Breit-Wigner formula is immediately obtained:

Im[im2P̂ϕ] =
ǫ̂+ Γ̂

x2 + (ǫ̂+ Γ̂)2
=

∞
∑

n=0

Γ̂n

n!

dn

dǫ̂n
ǫ̂

x2 + ǫ̂2
→ π∆Γ̂(x) +

1

Γ̂

∞
∑

n=0

(−Γ̂2)n+1

(2n+ 1)!
P (2n+1) 1

x
,

(3.5)

where P (k) denotes the k-th derivative of the Cauchy principal value. We have taken ǫ̂ to

zero term by term in the last expression.

In the case of ghosts, the same procedure gives

Im[im2P̂φ] =
Γ̂− ǫ̂

x2 + (Γ̂− ǫ̂)2
→ −π∆Γ̂(x) +

1

Γ̂

∞
∑

n=0

(−Γ̂2)n+1

(2n+ 1)!
P (2n+1) 1

x
. (3.6)

The derivatives of the principal values disappear in the difference Im[im2(P̂ϕ− P̂φ)], which

confirms (3.3). Thus, the powers of Γ cannot be resummed at ǫ̂ = 0 in the case of ghosts.

3.3 Difference with purely virtual particles

Now we switch to fakeons. If we want to resum the powers of Γ at ǫ̂ = 0, we must deal

with

Im[im2P̂χ] =
x2Γ̂

(x2 + ǫ̂2)2 + x2Γ̂2
= − 1

Γ̂

∞
∑

n=0

(−x2Γ̂2)n+1

(x2 + ǫ̂2)2n+2
.
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Taking ǫ̂→ 0 term by term in the last expression, we obtain powers of the Cauchy principal

value, which can be treated by means of the coincidence-splitting method explained in

appendix C, formula (C.1), Thus,

Im[im2P̂χ]→
1

Γ̂

∞
∑

n=0

(−Γ̂2)n+1

(2n+ 1)!
P (2n+1) 1

x
. (3.7)

The difference with respect to the physical particle is one half of (3.3):

Im[im2(P̂ϕ − P̂χ)]→ π∆Γ̂(x).

It is clear that only the physical combination (3.5) is well defined, while (3.6) and (3.7)

are not, since ∆Γ̂(x) is not a distribution. The real parts of im2P̂ϕ,χ,φ can be studied

similarly and lead to analogous conclusions.

The perturbative expansion is missing something. On the one hand, the differences

proportional to ∆Γ̂(x) cannot be ignored. On the other hand, they do not describe what

is missing accurately enough, due to the (mathematical and physical) difficulties of ∆Γ̂(x).

As we are going to show in the next sections, the problems become nonperturbative around

the peaks of purely virtual particles and ghosts.

4 Dressed propagator of physical particles

In this section we discuss the convergence of the formal resummation (2.4) in the case of

physical particles ϕ, pointing out several nontrivial facts, to prepare the discussion of the

next section about purely virtual particles. We assume that Γ, ∆m2 and Z−1 are generic,

of order λ2 in some (small) dimensionless coupling λ.

The condition of convergence for the resummation (2.2) is (keeping ǫ for future use)

|Σ(p2)|
|p2 −m2 + iǫ| < 1. (4.1)

It can be refined by combining it with the approximation (2.3) and using (2.4). For

example, Z just affects the overall constant, so the corrections due to it can be resummed

first with no difficulties. Once the powers of Z − 1 are resummed, we can focus on the

resummation of the powers of Γ and ∆m2, which is convergent for

(∆m2)2 +m2
phΓ

2

(p2 −m2)2 + ǫ̃2
< 1, (4.2)
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i.e., sufficiently away from the peak region, which is p2 ≃ m2
ph = m2 +∆m2. If we resum

the powers of ∆m2 into m2
ph by default, and focus on the powers of Γ, then the convergence

condition reads
m2

phΓ
2

(p2 −m2
ph)

2 + ǫ̃2
< 1. (4.3)

The validity of the resummation can be extended beyond the bounds just found, thanks

to analyticity.

A priori, we cannot be sure that analyticity holds after the resummation, so we treat

it as a work hypothesis. A second hypothesis is that essential singularities, which are

invisible at the level of the perturbative expansion, do not contribute or are negligible.

These assumptions can be validated or rejected by experiments.

The correct why to phrase what is happening is as follows. Since

a) the Feynman prescription is analytic and

b) the denominator of (2.4) never vanishes,

there is an analytic way to extend the result beyond the region of convergence, that is to

say, close to the peak. Moreover, since

c) experiments support the result obtained this way,

the resummed P̂ϕ is correct and the resummation holds everywhere.

4.1 The problem of the muon and its solution

The comparison between experiments and theoretical predictions requires further analysis.

Let us consider a process like e+e− → e+e−. The contribution Mϕ of the diagrams of

fig. 1 to the total amplitudeM of the process is equal to iP̂ϕ (assuming that the external

vertices are equal to −i). Typically,Mϕ is the dominant contribution in a neighborhood

of p2 = m2
ph. In what follows, we concentrate on it.

By the optical theorem, the imaginary part Im[2M] is proportional to the sum of the

cross sections of the processes e+e− → X, where X denotes any set of outgoing states.

The processes involved in 2Im[Mϕ], which can be read by cutting the diagrams as shown

in fig. 3, are

e+e− → ϕ, e+e− → decay products of ϕ.

The former is the process where the particle is physically observed before it decays (as in

the case ϕ = muon). The latter is the process where ϕ is not observed directly (typically,

because its lifetime is too short, as in the case ϕ = Z boson): its decay products are
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2Ωdecay = · · ·

2Ωparticle = · · ·

Figure 3: Cut diagrams contributing to 2Ωparticle and 2Ωdecay, respectively

observed, instead. Thus, we have

2Im[Mϕ] ≃
∫

dΠf |Me+e−→ϕ|2 +
∫

dΠf |Me+e−→decay products of ϕ|2, (4.4)

around the ϕ peak.

Diagrammatically, the two contributions correspond to the first and second lines of fig.

3, which give the sums reported in formulas (C.3) of appendix C. The integrals on the

phase spaces Πf of the outgoing states are originated by the cut propagators, according

to the rules of cut diagrams. The vertices and propagators that lie to the right of the cut

are the normal ones (as inM), while those that lie to the left of the cut are the complex

conjugate ones (as inM†). We are assuming that the energy flows from the right to the

left.

We have, from (2.2) and (C.3),

2Im[Mϕ] = 2Re[P̂ϕ] =
2(ǫ− Im[Σ])

|p2 −m2 − Σ + iǫ|2 = 2Ωϕparticle + 2Ωϕdecay,

where

2Ωϕparticle =
2ǫ

|p2 −m2 − Σ + iǫ|2 −→ǫ→0

∫

dΠf |Me+e−→ϕ|2, (4.5)

2Ωϕdecay =−
2Im[Σ]

|p2 −m2 − Σ + iǫ|2 −→ǫ→0

∫

dΠf |Me+e−→decay products of ϕ|2. (4.6)

Using the approximation (2.3) around the peak, we find

Ωϕparticle≃
ǫ̃Z

(p2 −m2
ph)

2 + (ǫ̃+mphΓ)2
, (4.7)

Ωϕdecay≃
mphZΓ

(p2 −m2
ph)

2 + (ǫ̃+mphΓ)2
. (4.8)
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Again, we can let ǫ tend to zero before or after the resummation. Here we study the

limit ǫ → 0 after the resummation, below (and in appendix C) we say more about the

limit before the resummation.

Taking ǫ to zero in (4.7) and (4.8), we obtain

Ωϕparticle → 0, Ωϕdecay →
mphZΓ

(p2 −m2
ph)

2 +m2
phΓ

2
. (4.9)

The conclusion is that an unstable particle has zero probability of being observed. Such a

result is in contradiction with experiments, since the muon is unstable, but can be observed

before it decays: Ωϕparticle should not be zero; Ωϕdecay should vanish, instead. This is what

we call “the problem of the muon”.

In quantum field theory a number of shortcuts are commonly adopted to simplify the

derivations of general formulas. In particular, the scattering processes are usually meant

to occur between incoming states at t = −∞ and outgoing states at t = +∞. Since the

time interval ∆t separating them is, strictly speaking, infinite, every unstable particle has

enough time to decay before being observed, in agreement with the result Ωϕparticle = 0

obtained above. In this sense, there is no contradiction. However, the observation of the

muon is a fact and we should be able to account for it.

In practical situations the scattering processes occur within some finite time interval

∆t, much larger than the duration ∆̄t of the interactions involved in the process. The

prediction Ωϕparticle = 0 remains correct whenever ∆t is also much larger than, say, the

muon lifetime τµ. We have a problem for ∆̄t ≪ ∆t < τµ, since the muon has not enough

time to decay in that case. After the resummation of the self-energies into the dressed

propagator, we still obtain the prediction Ωϕparticle = 0, which is in contradiction with the

phenomenon we observe.

In principle, we should undertake the task of rederiving all the basic formulas of quan-

tum field theory for scattering processes where incoming and outgoing states are separated

by a finite ∆t. Once we do so, the predictions end up depending on ∆t. They also depend

on the energy resolution ∆E ∼ 1/∆̄t, where ∆̄t is the time uncertainty. Indeed, only

∆t = ∞ is compatible with infinite energy resolution (since ∆̄t 6 ∆t, ∆E = 0 implies

∆t =∞). However, the energy resolution has to do with the experimental setup, so there

might be no universal way to include it. One may have to use different formulas, depending

on the experiment.

Instead of going through this, we can try and guess how ∆E may affect the results.

Generically, ∆E can appear more or less everywhere, but in most places it redefines quan-

tities that are already present, so we can neglect it. The ∆E dependence cannot be ignored
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if it affects the imaginary part of the denominator of the propagator, which survives the

free-field limit. An effect of this type is not surprising, if we consider that ∆E is associated

with the time resolution ∆̄t, which must be compared with the particle lifetime, which in

turn is the reciprocal of the width.

The energy resolution we focus on is the one around the peak. Specifically, we define

the “distance” in energy from the peak as the ratio

|p2 −m2
ph|

2mph

. (4.10)

Then the (Lorentz invariant) meaning of ∆E is that we cannot resolve momenta p that

are closer than ∆E to the peak.

In light of the remarks just made, we assume that when ∆E is different from zero the

predictions coincide with the ones we have written above once we make the replacement

ǫ̃→ ǫ̃+ 2mph∆E, (4.11)

after which we can take ǫ̃ to zero, since at that point it is no longer necessary.

The form of the ∆E dependence in (4.11) is not crucial, as long as the correction

vanishes when ∆E tends to zero. For example, variants such as

ǫ̃→ ǫ̃+ γmph∆E

(

∆E

mph

)δ

, (4.12)

with γ > 0, δ > −1, do not change the conclusions we derive. Indeed, (4.11) vs (4.12) is

just a redefinition of ∆E into a function of ∆E, which only affects the relations between

∆t, ∆̄t and ∆E.

Making the replacement in formulas (4.7) and (4.8) and letting ǫ̃ tend to zero, we obtain

Ωϕparticle≃
2mphZ∆E

(p2 −m2
ph)

2 +m2
ph(2∆E + Γ)2

, (4.13)

Ωϕdecay≃
mphZΓ

(p2 −m2
ph)

2 +m2
ph(2∆E + Γ)2

, (4.14)

The results show that Ωϕparticle is no longer zero.

From the phenomenological side, we may distinguish three cases:

— Case of the Z boson. Here ∆E ≪ Γ/2, so

Ωϕparticle ≃ 0, Ωϕdecay ≃
mphZΓ

(p2 −m2
ph)

2 +m2
phΓ

2
.
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In agreement with experiment, the predictions tell us that we do not see the particle: we see

its decay products. The results do not depend on ∆E to the first degree of approximation.

— Case of the muon. Here mph ≫ ∆E ≫ Γ/2, so

Ωϕparticle ≃
2mphZ∆E

(p2 −m2
ph)

2 + 4m2
ph∆E2

≃ πZδ(p2 −m2
ph), Ωϕdecay ≃ 0. (4.15)

These results do not depend on ∆E to the first degree of approximation and tell us that

we see the particle, not its decay products, in agreement with experiment.

— Intermediate situations. When ∆E and Γ are comparable, we see both the particle

and its decay products. The results depend on ∆E and so does the ratio Ωϕparticle/Ωϕdecay =

2∆E/Γ.

We have uncovered, among the other things, that it is impossible to explain the obser-

vation of the muon, i.e., derive Ωϕparticle ≃ πZδ(p2−m2
ph) in (4.15), without introducing the

resolution ∆E, even if the final result is independent of ∆E (because the approximations

valid for the muon make it disappear). This fact can be understood as a consequence of

the energy-time uncertainty relation ∆E ∼ 1/∆̄t. Indeed, ∆E = 0 implies an infinite time

uncertainty, during which every unstable particle has enough time to decay before being

observed: it is impossible to observe an unstable particle with infinite resolving power on

its energy.

This impossibility can also be appreciated by studying the limit ǫ → 0 term by term,

before the resummation. In subsection 4.3 and in appendix C, we show that each term of

the expansions of Ωϕparticle and Ωϕdecay is ill defined at ∆E = 0, apart from a few ones:

only the expansion of the sum Ωϕparticle + Ωϕdecay is regular. Such a complication, which

may sound surprising at first, is actually unavoidable, precisely because a regular Ωϕparticle

at ∆E = 0 would violate the energy-time uncertainty relation, in the case of unstable

particles. Quantum field theory knows it, so to speak, and retaliates by creating problems

in the crucial places. These properties emphasize that the issues we are discussing here

concern not only new or unusual quantization prescriptions, but also physical particles,

although in different ways.

Another important observation is that the replacement (4.11) violates unitarity at

nonvanishing ∆E. Indeed, a propagator (2.1) with ǫ → ǫ + 2mphZ
−1∆E comes from a

non-Hermitian Lagrangian. When the experimental setup has an important impact on the

predictions, we cannot consider the system as an isolated one, so unitarity as we normally

understand it may not hold. Nevertheless, as long as ∆E tends to zero after the expansion

in powers of Γ, the replacement (4.11) is precisely the right one to have perturbative

unitarity, because ∆E plays the role of the infinitesimal width ǫ.
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4.2 Conditions of convergence

Let us discuss the convergence radius after the replacement (4.11). Since ∆E is indepen-

dent of the interactions (it affects the propagator already at the tree level), the condition

(4.2) for convergence is
(∆m2)2 +m2

phΓ
2

(p2 −m2)2 + 4m2
ph∆E2

< 1. (4.16)

It is possible to satisfy this condition for every p if and only if2

∆E >
1

2mph

√

m2
phΓ

2 + (∆m2)2 ≡ ∆Emin. (4.17)

If we assume that the powers of ∆m2 are resummed by default into the physical mass

mph, we can use (4.11) inside (4.3), so the convergence condition becomes

m2
phΓ

2

(p2 −m2
ph)

2 + 4m2
ph∆E2

< 1, (4.18)

which holds for every p if and only if

∆E >
Γ

2
≡ ∆Emin. (4.19)

The validity of the resummation can be extended to the peak region, i.e., beyond the

bounds (4.17) or (4.19), by means of analyticity. Yet, it is crucial for the discussion that

follows to remember that there is a region where the convergence is guaranteed and a

region that can only be reached by means of analyticity. When analyticity does not hold,

the peak region cannot be reached.

Note that the left-hand sides of (4.16) and (4.18) are the expansion parameters. When

the inequalities (4.16) or (4.18) do not hold, the problem is nonperturbative, not because

the coupling is large, but because the expansion parameter is large, due to its p dependence.

Specifically, if ∆E vanishes or is too small, (4.16) and (4.18) are violated in the peak

region |p2 − m̃2| 6 2mph∆Emin no matter how small the coupling is, where m̃ is m or mph

depending on the case.

4.3 Ill-defined sums with physical particles

Now we show that ill-defined distributions also concern physical (unstable) particles, when

their observation is considered separately from the observation of their decay products. To

2This is necessary if we want to use the dressed propagator inside bigger diagrams, which involves

integrals over p, or integrate on the whole phase space of final states.
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achieve this goal, we study the limit ǫ→ 0 term by term in the expansions of Ωϕparticle and

Ωϕdecay, before their resummations.

The perturbative expansion of Ωϕparticle reads, from formula (4.5),

ǫ

|p2 −m2 − Σ + iǫ|2 =
ǫ

(p2 −m2)2 + ǫ2
+ 2

ǫ(p2 −m2)Re[Σ] + ǫ2Im[Σ]

((p2 −m2)2 + ǫ2)2
+O(Σ2).

The zeroth order is πδ(p2−m2), while theO(Σ) term proportional to Re[Σ] gives δ′(p2−m2).

It is easy to check that the O(Σ) term proportional to Im[Σ] is not a distribution. Some-

thing similar happens at higher orders. Using the approximation (2.3) and concentrating

on the expansion in powers of Γ, we obtain, from (4.7),

Ωϕparticle ≃ πZδ(p2 −m2
ph)−

2ǫ̃2mphZΓ

((p2 −m2
ph)

2 + ǫ̃2)2
+O(Γ2). (4.20)

The practical consequence is that, when we make the replacement (4.11) and set ǫ = 0,

we get corrections that are very large for ∆E ≪ Γ/2. The ill-defined distributions (or

large contributions) just described mutually cancel in the sums (4.13) plus (4.14), (4.7)

plus (4.8) and (4.5) plus (4.6).

The technical problems arise because we are trying to separate the observation of the

particle from the observation of its decay products. Since a propagator is the sum of a

Cauchy principal value and a Dirac delta function, arbitrary powers of such distributions

are generated. A way to define them is by means of the symmetric coincidence-splitting

method described in appendix C. Working out the two lines of fig. 3 with this method, we

obtain formulas (C.4) for Ωϕparticle and Ωϕdecay. The sum Ωϕparticle+Ωϕdecay is well defined

and coincides with what we expect, as shown in equation (C.5), but Ωϕparticle and Ωϕdecay,

taken separately, are ill-defined distributions, similar to ∆Γ̂.

Finally, formula (4.14) gives

Ωϕdecay ≃
Γ

2∆E

2mphZ∆E

(p2 −m2
ph)

2 + 4m2
ph∆E2

for Γ ≪ 2∆E, which shows that we cannot observe the “peak of the muon”. Instead, we

observe a much smaller bump entirely due to the nonvanishing energy resolution of our

experimental setup.

5 Dressed propagator of purely virtual particles

In this section we investigate the resummation of the self-energies in the case of purely

virtual particles χ. The contribution to the amplitude is Mχ = iP̂χ and Im[Mχ] =
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Re[P̂χ] ≃ Ωχ“decay”: there is no Ωχ“particle” in the case of fakeons. Indeed, the diagrams

shown in the first line of fig. 3 vanish identically, because a fakeon does not appear among

the final states (its cut propagator being zero). For the same reason, Ωχ“decay” is not really

associated with the decay of the fakeon and Γ has a different interpretation, which we

provide below. Unless specified differently, we assume that Γ is strictly positive, since

Γ = 0 implies that Ωχ“decay” also vanishes.

We include the energy resolution ∆E into the dressed propagators by means of the

replacement

ǫ̃→ ǫ̃+mph∆E, (5.1)

which differs from (4.11) by a factor 2, for reasons that become clear in a moment. After

letting ǫ tend to zero, we obtain

P̂χ≃
iZ(p2 −m2)

(p2 −m2)(p2 −m2
ph + imphΓ) +m2

ph∆E2
,

P̂χ≃
iZ(p2 −m2

ph)

(p2 −m2
ph)(p

2 −m2
ph + imphΓ) +m2

ph∆E2
. (5.2)

from (2.7) and (2.8), respectively.

As before, the corrections due to Z can be resummed straightforwardly. As for the

others, we use the first formula of (5.2) if we want to treat ∆m2 and Γ on an equal footing,

and the second formula of (5.2) if we assume that the powers of ∆m2 are resummed by

default into m2
ph. The convergence conditions are then

√

m2
phΓ

2 + (∆m2)2 |p2 −m2|
(p2 −m2)2 +m2

ph∆E2
< 1,

mphΓ|p2 −m2
ph|

(p2 −m2
ph)

2 +m2
ph∆E2

< 1, (5.3)

respectively. In turn, (5.3) hold for every p if and only if

∆E >
1

2mph

√

m2
phΓ

2 + (∆m2)2 ≡ ∆Emin, ∆E >
Γ

2
≡ ∆Emin. (5.4)

If ∆E 6 ∆Emin the resummation is justified for momenta p such that

|p2 − m̃2| > mph∆Emin

(

1 +
√
1−R2

)

, (5.5)

where R = ∆E/∆Emin and m̃ is m or mph depending on the case. Formally, it is also

convergent for

|p2 − m̃2| < mph∆Emin

(

1−
√
1−R2

)

6 mph∆E, (5.6)
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but the size of this region is smaller than the size of the region we can resolve, so we ignore

it.

We cannot trust the resummation when (5.5) does not hold, which means sufficiently

close to the peak3. When ∆E tends to zero (infinite resolving power), we cannot trust it

for |p2 − m̃2| 6 2mph∆Emin.

These arguments show that in the case of purely virtual particles the distance in energy

from the peak is defined by the ratio

|p2 − m̃2|
2mph

. (5.7)

They also justify the absence of the factor 2 in (5.1) with respect to (4.11). As before, the

Lorentz invariant definition of ∆E is the minimum distance we can resolve.

The denominator of P̂χ never vanishes, but the fakeon prescription is not analytic, so

we cannot advocate analyticity to cross the boundary of the convergence region. This

means that, strictly speaking, the result of the resummation is infinite when (5.3) does not

hold. There, the problem is nonperturbative, since the p dependence makes the expansion

parameter too large around p2 ≃ m̃2.

We recall that in [6] it was shown that the introduction of the energy resolution ∆E

for fakeons does not violate the optical theorem.

5.1 Peak uncertainty

The nonperturbative theory, assuming that it exists, may remove the obstacle ∆Emin and

return a unique answer when the inequality (5.4) is violated. It might also involve new

mathematics and turn (5.4) into a matter of principle, like a new uncertainty relation. In

that case, its physical meaning would be that, no matter how precisely we determine the

energy of the initial states, the process will be insensitive to any improvement beyond the

limit (5.4) and return a plot similar to the one we obtain with a lower resolution. We say

more about this in the section 7. See also section 8 for comments of the (lack of) relation

between the uncertainty (5.4) and the violation of microcausality, typical of fakeons.

We have already remarked that the origin of the problems is a nonvanishing Γ, while

∆m2 plays a secondary role. For this reason, we have a preference for the option (2.8) and

3Formulas (5.2) give a couple of bumps, rather than a peak, as shown in fig. 5. Also note that the first

expression depends on both m2 and m2
ph. The points p2 = m2 and p2 = m2

ph are within the range ∆Emin.

That said, we keep referring to the region p2 ≃ m2, p2 ≃ m2
ph by calling it “peak region”.
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the peak uncertainty

∆E >
Γ

2
. (5.8)

Since Γ and ∆m2 are typically of the same order, the bounds (5.4) and (5.8) are generically

equivalent. Nevertheless, when Γ is identically zero, as in the models of ref. [9], (5.8)

predicts no uncertainty, with a dressed propagator given by formula (A.2) everywhere.

Instead, the left formulas of (5.3) and (5.4) predict a peak uncertainty also in that case. In

the absence of knowledge about the nonperturbative sector of the theory, only experiments

can decide between the two possibilities.

A further comment concerns asymptotic series. We know that, normally, perturbative

quantum field theory provides predictions in the form of asymptotic series. In most cases

the first few terms of the series decrease (in modulus), up to a certain order nasy, and then

start to increase uncontrollably. If we truncate the expansion to nasy or a lower order, we

typically get precise predictions of the experimental results. Sometimes, as for the muon

anomalous magnetic moment, they are impressively precise.

In the case of the fakeon self-energy, if we view the perturbative expansion as an

asymptotic series, we have to conclude that close enough to the peak we cannot keep any

terms, not even the lowest nonvanishing order: when the expansion parameter (5.3) is

larger than one, the series is only made of increasing terms, so no nasy exists. In section 7

we argue what the missing part might look like phenomenologically.

5.2 Fake ghosts

Finally, we comment on the “fake ghosts”, which are the fakeons obtained by changing the

quantization prescription of ghosts into the fakeon one. The tree-level propagator of a leg

that, if broken, disconnects the diagram is

Pχ = − i(p2 −m2)

(p2 −m2)2 + ǫ2
.

It is convenient to use the approximation (2.10) around p2 ≃ m2. Note that we still have

Γ > 0, since the fake ghosts obey the optical theorem, like any other type of fakeons. The

resummation gives

P̂χ ≃ −
iZ(p2 −m2)

(p2 −m2)(p2 −m2
ph − imphΓ) + ǫ̃2

, P̂χ ≃ −
iZ(p2 −m2

ph)

(p2 −m2
ph)(p

2 −m2
ph − imphΓ) + ǫ̃2

,

in the two cases treated in subsection 2.2, where ǫ̃ = ǫZ1/2. We see that Pχ and P̂χ are

just the complex conjugates of the ones we had before. Therefore, the properties of one
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type of fakeons are also valid for the other type. In the next section, we continue with the

fakeons obtained by changing the quantization prescription of physical particles.

6 Dressed propagator of ghosts

In this section we investigate the resummation of self-energies in the case of ghosts φ. The

amplitudeMφ = iP̂φ gives Im[Mφ] ≃ Ωφghost + Ωφdecay, close to the peak, with

Ωφghost ≃ −
ǫ̃Z

(p2 −m2
ph)

2 + (ǫ̃−mphΓ)2
, Ωφdecay ≃

mphΓZ

(p2 −m2
ph)

2 + (ǫ̃−mphΓ)2
.

When ǫ tends to zero, we obtain

Ωφghost ≃ 0, Ωφdecay ≃
mphZΓ

(p2 −m2
ph)

2 +m2
phΓ

2
. (6.1)

and the classical limit Γ→ 0, Z → 1, gives

Ωφghost ≃ 0, Ωφdecay ≃ πδ(p2 −m2
ph). (6.2)

Formulas (6.1) and (6.2) show that Ωφghost and Ωφdecay coincide with the Ωϕghost and Ωϕdecay

we obtain from a physical particle, given in formula (4.9). Yet, the classical limit should

return what we started from (i.e., a ghost, not a physical particle).

The solution of this puzzle mimics the solution of the muon problem given in subsection

4.1. Inserting the energy resolution ∆E by means of the replacement (4.11), we obtain

P̂φ ≃ −
iZ

p2 −m2
ph + i(ǫ̃+ 2mph∆E −mphΓ)

, (6.3)

so the limit ǫ→ 0 gives

Ωφghost ≃ −
2mphZ∆E

(p2 −m2
ph)

2 +m2
ph(2∆E − Γ)2

, Ωφdecay ≃
mphZΓ

(p2 −m2
ph)

2 +m2
ph(2∆E − Γ)2

.

In the classical limit, Γ tends to zero, but ∆E remains constant. In the regime mph ≫
∆E ≫ Γ/2, we get

Ωφghost ≃ −πZδ(p2 −m2
ph), Ωφdecay ≃ 0. (6.4)

The result, which is independent of ∆E, is now correct, since, as expected, it gives back

the ghost we started from.
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Again, we have been able to obtain the correct classical limit (6.4) only by inserting the

resolution ∆E and removing it afterward. Before introducing ∆E, we are lead to think

that we can convert a ghost into a sort of physical particle by turning on interactions,

resumming them and letting ~ tend to zero at the end. As soon as we introduce ∆E, we

see that this is not possible.

To better identify the obstruction that makes it impossible, we analyze the validity of

the resummation. From

P̂φ ≃ −
iZ

p2 −m2 + 2imph∆E

1

1− a
, a =

imphΓ +∆m2

p2 −m2 + 2imph∆E
,

we see that the convergence radius |a| < 1 gives back the condition (4.16) we found for

physical particles, which is satisfied for every p if and only if (4.17) holds. If we assume that

the powers of ∆m2 are resummed by default into m2
ph, we get the convergence condition

(4.18), which holds for every p if and only if (4.19) holds.

If we want a better resolution, we can try and reach a ∆E < ∆Emin starting from

values that satisfy ∆E > ∆Emin. When we lower ∆E, everything is fine as long as ∆E

remains larger than Γ/2, but if we want to reduce ∆E even more, we end by crossing the

boundary ∆E = Γ/2, where the dressed propagator (6.3) is not well prescribed. Indeed,

at ǫ̃ = 0 it reads

P̂φ ≃ −
i

p2 −m2
ph

.

A nonvanishing iǫ̃ is not of help here, since it just shifts the boundary of the region. Thus,

analyticity does not allow us to reach the domain ∆E < Γ/2.

We can in principle stretch the argument as follows. The denominator of P̂φ does not

vanish at ∆E = Γ/2 away from the peak. Thus, as long as we stay away from the peak,

we can get as close as we wish to it by analyticity. If we exclude an arbitrarily small

neighborhood of the peak, we should be able to use the resummed formula (2.11) (with

ǫ̃ = 0).

Nevertheless, the very fact that we cannot include the peak tells us that we are missing

something there. If what we are missing is a finite sum of contact terms (δ functions

and derivatives of δ functions), we can get rid of them by excluding an arbitrarily small

neighborhood of the peak. In that case, formula (2.11) works well.

However, in section 3 we showed that what is missing is an infinite sum of contact

terms. Then, their effects can extend around the peak. For example, any regular function

f(x) that decreases exponentially at infinity can be written as an infinite sum of contact
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Figure 4: Z decay into four muons mediated by two fakeons χ

terms4:

f(x) =
∞
∑

n=0

fnδ
(n)(x), fn =

1

n!

∫ +∞

−∞

dyf(y)(−y)n.

7 Phenomenology of fake particles

In this section, we discuss the phenomenological aspects of the results obtained on section

5 about purely virtual particles. The two regimes studied there, the one of the Z boson

and the one of the muon, are mirrored into the ones of collider physics and quantum

gravity, respectively. We also investigate effective dressed propagators to describe the

nonperturbative contributions that are activated in the peak region.

We begin by emphasizing that there always exist physical configurations where the

nonperturbative effects are avoided. It is sufficient to restrict the invariant masses M =
√

p2 of the subsets of external states mediated by a fakeon so as to stay away from the

region of the fakeon peak. Because of (5.5), if such invariant masses satisfy

|M2 − m̃2| > 2mph∆Emin, (7.1)

where m̃ is m or mph, depending on the case, we can take ∆E to zero in formulas (5.2).

Under assumptions like (7.1), we can make predictions about scattering processes at arbi-

trarily high energies.

For example, in a hypothetical decay Z → 4µ mediated by two neutral fakeons χ of

mass m, shown in fig. 4, the conditions (7.1) must hold for all the pairs µ+µ−. This process

was considered in ref. [10].

4The formula follows from the Taylor expansion of δ(x − y) at x inside f(x) =
∫

dyf(y)δ(x − y).

Alternatively, it is enough to require that the Fourier transform f̃(p) of f(x) can be expanded as a power

series, f̃(p) =
∑

∞

n=0 fn(ip)
n. The simplest example is the Gaussian function f̃(p) = exp(−p2/2).
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Conditions like (7.1), however, do not allow us to sum over the whole phase spaces of

the final states, because they include contributions from the regions of the fakeon peaks.

At the same time, a nonvanishing resolution ∆E, by conditions (5.4), is bad around the

peaks. The processes involving configurations beyond the bounds (7.1) and (5.4) can be

investigated phenomenologically, starting from the general properties of fakeons.

7.1 Quantum gravity

Quantum gravity is unitary and renormalizable if a few higher-derivative terms are included

(besides the Hilbert-Einstein term and the cosmological term) and the extra degrees of

freedom, which are a scalar field φinfl and a spin-2 field χµν , are quantized as a physical

particle (the inflaton) and a spin-2 purely virtual particle, respectively [11]. Primordial

cosmology fixes the inflaton mass to mφ ≃ 3 · 1013GeV through the spectrum of the scalar

fluctuations. The consistency of the fakeon prescription on a nontrivial background gives

the ABP bound mχ > mφ/4 on the fakeon mass mχ and a sharp prediction on the tensor-

to-scalar ratio r (0.4 . 1000r . 3) of the primordial fluctuations [12].

We want to show that the case of χµν is similar to the case of the muon, rather than

the one of the Z boson. If we assume that mχ and mφ are of the same order, at energies

comparable with such masses we have [26]

E ≃ mχ ≃ 3 · 1013GeV, Γχ ≃
m3

χ

M2
Pl

Ns + 6Nf + 12Nv

120
≃ 4 · 102GeV,

where Ns is the number of real scalar fields, Nf is the number of Dirac fermions plus one

half the number of Weyl fermions and Nv is the number of gauge bosons of the standard

model coupled to quantum gravity.

The key values concerning the Z boson are ΓZ ≃ 2GeV, E ≃ mZ ≃ 91GeV, ∆EZ ≃
2 · 10−3GeV (the experimental error on mZ). Taking |∆m2

Z | ≃ mZΓZ , because they are of

the same order, we find ∆EZmin/∆EZ ≃ 103, which violates (4.17), (4.19). Thus, when

we need to treat the Z boson around the peak, we must use its dressed propagator. We

know that we can do it, because the resummation of the self-energies in the peak region is

justified by analyticity.

Now, the fakeon width Γχ is 2 · 102 times larger than the Z width ΓZ . However, the

χµν mass mχ is 3 · 1011 times larger than mZ . Using the Z data as reference values, we can

assume that a hypothetical scattering process involving χµν particles at energies E ≃ mχ

will have an error ∆Eχ ≃ 3 · 1011∆EZ . Then we expect

∆Eχmin

∆Eχ

≃ 10−5, (7.2)
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which fulfills (4.17)-(4.19). This is a situation where we do not need to resum the series

into (5.2): we can just use the tree-level propagator (2.5) for χµν .

As we have anticipated, the situation is similar to the one of the muon, since mχ ≫
∆Eχ ≫ Γχ/2,∆Eχmin. The result depends on ∆Eχ very little. Precisely, the first propa-

gator of (5.2) around p2 −m2 (m2 being now m2
χ) is

iZχ(p
2 −m2

χ)

(p2 −m2
χ)

2 +m2
ph∆E2

χ

[

1 +
(p2 −m2

χ)(∆m2
χ − imphΓχ)

(p2 −m2
χ)

2 +m2
ph∆E2

χ

+ · · ·
]

∼P iZχ

p2 −m2
χ

+ iZχπδ(p
2 −m2

χ)
(∆m2

χ − imphΓχ)

2mph∆Eχ

+ · · · , (7.3)

having used

lim
ǫ→0

ǫx2

(x2 + ǫ2)2
= lim

ǫ→0

ǫ3

(x2 + ǫ2)2
=

π

2
δ(x). (7.4)

Unless we can measure corrections such as (7.2), we can take ∆m2
χ and Γχ to 0, which

gives a propagator equal to i times the principal value of Zχ/(p
2 −m2

χ).

For a better comparison, let us analyze the muon itself, where

Γµ ∼ 10−19GeV, ∆Eµ ∼ 10−9GeV,
Γµ

2∆Eµ

∼ 10−10,

∆Eµ being the error on the muon mass. Using formula (4.20) with ǫ̃→ 2mph∆E, together

with (7.4), we find

Ωµparticle ≃ πZδ(p2 −m2
ph)

(

1− Γµ

2∆Eµ

)

+ · · · .

Unless we can detect corrections ∼ 10−10, we can ignore the muon width altogether in its

propagator, as is normally done.

If some day we will be able to study scattering processes in quantum gravity at energies

around 1013GeV with enough precision to test corrections as small as (7.2), we will see

effects such as those of formula (7.3).

7.2 Collider physics

If lighter fakeons exist in nature and have an observable impact in collider physics, a

phenomenological description of the nonperturbative effects activated in the peak region

may be useful.

We concentrate on the first formula of (5.2), since the second one can be seen as a

particular case of it with ∆m2 = 0, m̃ = m = mph. Consider the resummed propagators
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(5.2), with the first condition (5.4). We cannot take ∆E to zero there, otherwise (5.4) is

violated. The simplest possibility is to consider the “minimum uncertainty propagator”,

which is the one with ∆E = ∆Emin. Is this an acceptable, ∆E-independent phenomeno-

logical fakeon propagator? The answer is no, because its classical limit ∆m2,Γ → 0 is

proportional to

lim
ε→0

ix

x2 + 2iεeiθx+ ε2
= P i

x
+

πeiθ0√
1 + e2iθ0

δ(x), x =
p2 −m2

m2
ph

, (7.5)

where θ = arcsin(∆m2/(2mph∆Emin)), ε = ∆Emin/mph and θ0 is the classical limit of θ.

Since Γ > 0, the angle θ satisfies |θ| < π/2. Moreover, assuming that ∆m2 and Γ are of

the same order, we also have |θ0| < π/2. The limit (7.5) can be proved by studying the

even and odd parts separately and acting on arbitrary test functions.

The result is not purely virtual, because the term proportional to δ(x) signals a non-

trivial on-shell contribution. The reason why the coefficient of δ(x) is nonvanishing is that

the classical limit is incompatible with the equality ∆E = ∆Emin, because ∆Emin tends to

zero, but the resolution ∆E does not change in that limit.

The correct classical limit amounts to take ∆m2,Γ→ 0 first and then ∆E → 0, which

indeed gives the principal value. Moreover, by (5.4) ∆E should be strictly larger than

∆Emin, because ∆E = ∆Emin does not belong to the convergence region.

Having learned that ∆E = ∆Emin is not a good phenomenological assumption, a better

proposal that complies with the requirements just outlined is

∆E = γ∆Emin

(

mph

∆Emin

)δ

, γ > 0, 0 < δ < 1. (7.6)

The constants γ and δ may be thought as the remnants of the interaction with the exper-

imental setup, or due to nonperturbative effects. Then from (5.2) we have the effective

propagator

P̂χ ≃
iZ(p2 −m2)

(p2 −m2)(p2 −m2
ph + imphΓ) + γ2m2+2δ

ph ∆E2−2δ
min

, (7.7)

which has the correct classical limit, since

lim
ε→0

ix

x2 + 2iεeiθx+ γ2ε2−2δ
= P i

x
.

This equality can be proved as before.

Formula (7.7) behaves correctly away from the peak, where it approximates the Breit-

Wigner formula

P̂χ ≃
iZ

p2 −m2
ph − imphΓ

. (7.8)
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Figure 5: Non-convoluted and convoluted fakeon plots with γ = 1 and γ = 1/2, compared

to the Breit-Wigner plot of a standard particle with the same width Γ and the same ∆m2

Presumably, the medium value δ = 1/2 is sufficiently accurate. The plot of the real

part of (7.7) is shown in fig. 5 (for δ = 1/2, Z = 1, mph = 1, Γ = 1/4, ∆m2 = 1/8,

and for two choices of γ: γ = 1 and γ = 1/2). For comparison, we include the plot of a

Breit-Wigner peak for a standard particle with the same width Γ and the same ∆m2. The

fakeon plot better “fills” the Breit-Wigner one for lower values of γ. At ∆m2 = 0 the two

fakeon bumps are symmetric with respect to the vertical line.

If ∆E is interpreted as an uncertainty or an experimental error, it may be more accurate

to consider the convolution

P̃χ(x) =
mph∆E

π

∫ +∞

−∞

dy
P̂χ(x− y)

y2 +m2
ph∆E2

,

where the expression (7.7) is seen as a function P̂χ(x) of x. The convoluted dressed

propagator is also shown in fig. 5.

We see that, in general, the fakeon plot is suppressed with respect to the one of a

standard particle. This is not surprising, given the nature of a fake particle. The three

plots superpose as soon as we move away from the peak region.

More generally, we can have an x-dependent factor γ in formula (7.6), such as

γ(x2) = γ0 exp

(

−σ x2mph

∆Emin

)

, (7.9)

where γ0 and σ are positive constants, so that ∆E practically vanishes away from the peak

and the Breit-Wigner expression (7.8) is reached more rapidly. An expression like (7.9)
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contains essential singularities in the couplings and could be originated by nonperturbative

effects. With such a γ we can extend (7.6) to δ = 0.

Following the line of thinking that leads to (7.7), we can search for phenomenological

formulas for ghosts as well. If we take, for example,

∆E = γ(x2)
Γ

2
, γ(x2) > 0, γ(0) > 1, γ(∞) = 0,

where γ(x2) can be of the form (7.9), we find, from (6.3),

P̂φ ≃ −
iZ

p2 −m2
ph + imphΓ(γ(x2)− 1)

, (7.10)

which has the correct classical limit, since

− lim
ε→0

i

x+ iε(γ(x2)− 1)
= −iP 1

x
− πδ(x).

Formula (7.10) also behaves correctly away from the peak, where γ(x2) is negligible.

8 Comparison between the peak uncertainty and the

violation of microcausality

Fakeons are responsible for the violation of microcausality [26, 7], which prevents predic-

tions for time intervals shorter than τ ≡ 1/mχ. This means that the theory can be tested

only a posteriori, after a delay τ . In this section we compare the violation of microcausal-

ity to the peak uncertainty of formula (5.4), which codifies the impossibility to get too

close to the fakeon peak. We find that, although the two have a common origin, they are

essentially different.

The violation of microcausality is associated with the intrinsic nonlocal nature of the

fakeon projection. Its effects can be appreciated in coordinate space. We can illustrate

them with an example taken from ref. [7]. Consider the Lagrangian

L(x,Q, t) =
m

2
ẋ2 −mẋQ̇+

m

2τ 2
Q2 + xFext(t),

where x is the coordinate of a physical particle, Q is the one of a purely virtual particle,

m and τ are constants and Fext(t) is a time-dependent external force. The equations of

motion give

ẍ = −Q

τ 2
, mQ̈+

m

τ 2
Q = −Fext(t).
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Since Q is a fakeon, its equation admits the unique solution

mQ = −P τ 2

1 + τ 2 d2

dt2

Fext(t) = −
τ

2

∫ ∞

−∞

duFext(t− u) sin

( |u|
τ

)

,

given by the fakeon prescription. Inserting this expression into the equation of x, we obtain

mẍ =
1

2τ

∫ ∞

−∞

duFext(t− u) sin

( |u|
τ

)

. (8.1)

The integral appearing on the right-hand side receives contributions from the external force

in the past as well as in the future. The amount of future effectively contributing is

|∆u| ≃ τ, (8.2)

due to the oscillating behavior of 1/(2τ) sin(|u|/τ), and disappears for τ → 0, since

limτ→0 1/(2τ) sin(|u|/τ) = δ(u). Thus, (8.2) encodes the fuzziness due to the violation

of microcausality. It implies that we cannot make predictions for time intervals shorter

than τ . However, we can, in principle, check (8.1) a posteriori, if we manage to measure

x(t) and Fext(t) independently.

This example shows that the violation of microcausality due to fakeons does not need a

nonvanishing width. The key quantity encoding it is the fakeon mass mχ (which is 1/τ in

the toy model just considered). For this reason, the violation survives the classical limit.

The peak uncertainty, instead, is encoded in the radiative corrections Γχ and possibly

∆m2
χ, so it disappears in the classical limit. It concerns the energy and implies that we

cannot get too close to E ∼ mχ in the channels mediated by fakeons. It does not prevent

predictions on processes occurring at higher energies. If light fakeons exist in nature,

it should be possible to detect the peak uncertainty experimentally. Instead of seeing a

resonance, as we expect for a normal particle, we should see one or two bumps, with shapes

that depend on the experimental setup in a way that may be difficult, or impossible, to

predict.

While the violation of microcausality is always present, being associated with the fakeon

mass, it is possible to have no peak uncertainty (5.8). It happens when the dressed prop-

agator is the second of (5.2) and the fakeon width Γχ vanishes, as in the models of ref.

[9].

These arguments show that there is no direct correspondence between the peak uncer-

tainty (5.8) and the violation of microcausality.
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9 Conclusions

We have studied the dressed propagators of purely virtual particles and compared the

results with those of physical particles and ghosts, pointing out several nontrivial issues

that are commonly ignored. For example, the usual dressed propagator is unable to explain

the experimental observation of long-lived unstable particles, like the muon. The difficulty

can be overcome by introducing the energy resolution ∆E of the experimental setup. The

need of ∆E is explained by the usual energy-time uncertainty relation, which implies that

it is impossible to observe an unstable particle with infinite resolving power on the energy.

The expansions of the dressed propagators of physical particles, fake particles and

ghosts differ by infinite series of contact terms, which cannot be summed into well-defined

mathematical distributions. If we insist in trusting the formal resummations, we obtain

physical absurdities on new types. Problematic sums also appear with physical particles,

when we want to distinguish their observation from the observation of their decay products.

The problems originate from the resummation of the self-energies in the peak region,

which lies outside the convergence domain of the geometric series. In the case of physical

particles, analyticity allows us to extend the dressed propagator from the convergence

region to the entire domain of external momenta, provided we treat the observation of

the particle and the observation of its decay products as a whole. Analyticity is helpless

in the other cases. In particular, it is helpless in the cases of fake particles and ghosts,

where the formal sums cannot be trusted. All the truncations are equally inadequate there,

since the terms of the expansion never decrease. This means that the problems become

nonperturbative, when we approach the peak.

In the case of fakeons, these facts point to a new type of uncertainty relation, a “peak

uncertainty” ∆E & ∆Emin = Γ/2, which constrains our observations. Knowing the very

nature of the fakeon, it is not surprising that we cannot approach its peak too closely,

since, by definition, a purely virtual particle refuses to be brought to reality.

Ultimately, the quantization prescription cannot be washed away by the resummation.

There is always a region where the true nature of the particle we are studying (physical,

fake or ghost) makes the difference.

The regime ∆E ≫ Γ/2 applies to quantum gravity and situations like the one of the

muon, where the resummation is unnecessary. The regime ∆E ≪ Γ/2 applies to collider

physics and situations like the one of the Z boson. We have provided phenomenological

candidates for the dressed propagators close to the peaks, to describe what the nonpertur-

bative effects might look like there.
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The peak uncertainty has no direct relation with the violation of microcausality, also

due to fakeons.
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Appendices

A Alternative formal resummation for purely virtual

particles

In this appendix we derive the alternative formula (2.8) for the formal dressed propagator

of a purely virtual particle. The crucial point is the role of the infinitesimal width ǫ.

Consider the identities

∞
∑

n=0

(a+ b)n=
1

1− a

∞
∑

n=0

(

b

1− a

)n

=
1

1− a− b
,

∞
∑

n=0

(a+ b+ c)n=
1

1− a− b

∞
∑

n=0

(

c

1− a− b

)n

=
1

1− a− b− c
, (A.1)

which hold perturbatively in a, b and c. If we apply them to the sum that appears in (2.6),

with

a = −i(1− Z−1)(p2 −m2)Pχ, b = −iZ−1∆m2Pχ, c = −Z−1mphΓPχ,

we can first sum the powers of 1−Z−1, then the powers of ∆m2 and finally the powers of

Γ. This gives us the possibility to treat them differently, because they are not on an equal

footing with respect to the problems that we discuss in the paper.

For example, the powers of 1 − Z−1 can be summed with no difficulty, because Z is

just the overall normalization. They give

Pχ(p
2,m2, ǫ)

1

1− a
=

iZ(p2 −m2)

(p2 −m2)2 + ǫ̃2
= ZPχ(p

2,m2, ǫ̃) →̃
ǫ→0
P iZ

p2 −m2
.
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In this derivation it does not really matter whether we remove ǫ term by term or after the

sum.

If we proceed with the first line of (A.1), we need to calculate

Pχ(p
2,m2, ǫ)

1

1− a

∞
∑

n=0

bn

(1− a)n
= ZPχ(p

2,m2, ǫ̃)
∞
∑

n=0

[

−i∆m2Pχ(p
2,m2, ǫ̃)

]n
.

Taking ǫ to zero term-by-term, we get powers of the Cauchy principal value. The coincidence-

splitting method (see [6] and appendix C) amounts to define such powers by starting from

non coincident singularities and using the identity (C.1). Then we find

iZ

∞
∑

n=0

(−∆m2)n

n!
P (n) 1

p2 −m2
= P iZ

p2 −m2
ph

←̃
ǫ→0

iZ(p2 −m2
ph)

(p2 −m2
ph)

2 + ǫ̃2
= ZPχ(p

2,m2
ph, ǫ̃)

(A.2)

where P (n) is the n-th derivative of the principal value. We have restored ǫ̃ in the last two

expressions.

As far as the powers of Γ are concerned, we cannot resum them with ǫ̃ = 0, as shown

in subsection 3.3. If we use the second line of (A.1), we obtain

P̂χ ≃ ZPχ(p
2,m2

ph, ǫ̃)
∞
∑

n=0

[

−mphΓPχ(p
2,m2

ph, ǫ̃)
]n

and the sum gives formula (2.8).

B Singular distributions

A distribution is a continuous linear functional on the space of test functions, which are

the infinitely differentiable functions with compact support. In this appendix we show

that ∆Γ̂(x), defined in formula (3.4), is not a distribution. Let us start from the truncated

sums

∆N
Γ̂
(x) ≡

N
∑

n=0

(−Γ̂2)n

(2n)!
δ(2n)(x)

and check their actions on the function g(x) = 1/(x2 + Γ̂2). Since

∆N
Γ̂
g ≡

∫ +∞

−∞

dx∆N
Γ̂
(x)g(x) =

N + 1

Γ̂2
,

the limit N →∞ does not converge. We reach the same conclusion on the test function

ĝ(x) =







g(x)e
− R

2

(R2
−x2) for |x| < R,

0 for |x| > R,
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with Γ̂ < R, where R > 0 is some radius. This proves that the sequence of distributions

∆N
Γ̂

does not converge to a distribution.

Now, consider the functions

fn(x) =
x− 1

n
(

x− 1
n

)2
+ Γ̂2

. (B.1)

The sum of (3.4) converges for Γ̂ < 1/(2n), where it gives

∆Γ̂fn ≡
∫ +∞

−∞

dx∆Γ̂(x)fn(x) ≡ −
n(1 + 2n2Γ̂2)

1 + 4n2Γ̂2
. (B.2)

It does not converge for Γ̂ > 1/(2n). If, given n, we define ∆Γ̂fn to be the right-hand side

of (B.2) everywhere, by analytic continuation from the region 0 < Γ̂ < 1/(2n), we find

another problem: fn(x) tends to f∞(x) = x/(x2 + Γ̂2) for n→∞, but the right-hand side

of (B.2) explodes.

The functions (B.1) are not test functions, but the test functions

f̂n(x) =







fn(x)e
− R

2

(R2
−x2) for |x| < R,

0 for |x| > R,

lead to the same conclusions for Γ̂ < R. Precisely, ∆Γ̂f̂n is equal to the right-hand side of

(B.2) times exp(−R2/(R2 + Γ̂2)), so the product still blows up for n → ∞. This means,

again, that ∆Γ̂(x) is not a continuous linear functional, i.e., not a distribution.

C Coincidence-splitting method

In this appendix we explain how to define the products of principal values and delta

functions by means of the coincidence-splitting method or, when necessary, its symmetrized

version. The idea is to treat coincident singularities as the limits of distinct ones.

First observe that the powers of δ(x) higher than one are set to zero by this method.

The powers of the Cauchy principal value were considered in [25], where it was proved that

lim
δi→0
P

n+1
∏

i=1

1

x− δi
=

(−1)n
n!
P (n) 1

x
, (C.1)

(the parameters δi being different from one another).

The product of one delta function times powers of the principal value gives
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slim
δi→0

δ(x− δ1)P
n+1
∏

i=2

1

x− δi
=

(−1)n
(n+ 1)!

δ(n)(x), (C.2)

where “slim” means that the expression must be symmetrized in δi, i = 1, . . . n+ 1 before

taking the limit. The identity (C.2) can be proved by acting on a test function f(x). We

write

slim
δi→0

∫ +∞

−∞

dxf(x)δ(x− δ1)P
n+1
∏

i=2

1

x− δi
=

1

n+ 1
lim
δi→0

n+1
∑

j=1

f(δj)
n+1
∏

i=1,i 6=j

1

δj − δi
,

then Taylor expand f(x) around zero and finally use the formula

n+1
∑

j=1

δkj

n+1
∏

i=1,i 6=j

1

δj − δi
=



















0 for k < n

1 for k = n

polynomial of δj for k > n.

The result is f (n)(0)/(n+ 1)!, in agreement with (C.2).

We can use these results, for example, to study the expansions of Ωϕparticle and Ωϕdecay

by letting ǫ tend to zero term by term. The diagrams listed in the first and second lines

of fig. 3 give

2Ωϕparticle =
∞
∑

k=0

(iΣ∗P ∗
ϕ)

k(Pϕ + P ∗
ϕ)

∞
∑

n=0

(−iΣPϕ)
n,

2Ωϕdecay =P ∗
ϕ

∞
∑

k=0

(iΣ∗P ∗
ϕ)

k(−2Im[Σ])
∞
∑

n=0

(−iΣPϕ)
nPϕ, (C.3)

where Pϕ+P ∗
ϕ is the cut propagator and 2Im[Σ] = −iΣ+(−iΣ)∗ is the cut bubble diagram.

We apply the approximation (2.3) with ∆m2 = 0, Z = 1, to focus on the powers of Γ.

Using m2Pϕ = πδ(x) + iP(1/x), Pϕ + P ∗
ϕ = 2πδ(x)/m2 and 2Im[Σ] = −2m2Γ̂, where

x = (p2 − m2)/m2 and Γ̂ = Γ/m, and dealing with the products of delta functions and

principal values by means of formulas (C.1) and (C.2), we obtain

Ωϕparticle→
π

m2

∞
∑

n=0

(−Γ̂2)n

(2n+ 1)!
δ(2n)(x),

Ωϕdecay→
1

m2Γ̂

∞
∑

n=0

(−Γ̂2)n+1

(2n+ 1)!
P (2n+1) 1

x
+

π

m2

∞
∑

n=0

2n(−Γ̂2)n

(2n+ 1)!
δ(2n)(x). (C.4)
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Taken separately, these expressions are not well-defined distributions. However, their sum

is. Indeed, formula (3.5) gives

Ωϕparticle + Ωϕdecay →
1

m2

Γ̂

x2 + Γ̂2
, (C.5)

which is the expected Breit-Wigner function.
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