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Abstract

We study primordial cosmology with two scalar fields that participate in inflation at

the same time, by coupling quantum gravity (i.e., the theory R+R2 +C2 with the fakeon

prescription/projection for C2) to a scalar field with a quadratic potential. We show that

there exists a perturbative regime that can be described by an asymptotically de Sitter,

cosmic RG flow in two couplings. Since the two scalar degrees of freedom mix in nontrivial

ways, the adiabatic and isocurvature perturbations are not RG invariant on superhorizon

scales. It is possible to identify the correct perturbations by using RG invariance as

a guiding principle. We work out the resulting power spectra of the tensor and scalar

perturbations to the NNLL and NLL orders, respectively. An unexpected consequence of

RG invariance is that the theory remains predictive. Indeed, the scalar mixing affects only

the subleading corrections, so the predictions of quantum gravity with single-field inflation

are confirmed to the leading order.
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1 Introduction

Inflation explains the approximate isotropy and homogeneity of the cosmic microwave

background radiation by means of a primordial accelerated expansion of the universe

[1, 2, 3, 4, 5, 6, 7, 8], which originates the present large-scale structure from the quan-

tum fluctuations [9, 10, 11, 12, 13, 14, 15]. In the most popular approach, the expansion is

driven by a scalar field rolling down a potential [16, 17, 18], which in many cases leads to

a scalar perturbation spectrum that agrees with observations [19, 20]. There also exists a

“geometric” approach, where inflation is driven by the metric itself, as in the Starobinsky

R + R2 model [2] and the f(R) theories [18, 21]. In a third approach, instead [22, 23],

inflation is described as a cosmic renormalization-group (RG) flow, triggered by the depen-

dence of the background metric (rather than the radiative corrections). The main types

of flows can be classified according to the properties of their spectra, without referring to

their origins from specific actions or models [24].

The R+R2 theory works well phenomenologically. However, once we include R2 there

is no compelling argument for excluding the square CµνρσC
µνρσ ≡ C2 of the Weyl tensor

Cµνρσ, which has the same dimension in units of mass. Once both are present, we do not

need to add further terms, since the resulting classical action

SQG = − 1

16πG

∫

d4x
√−g

(

R +
1

2m2
χ

CµνρσC
µνρσ − R2

6m2
φ

)

(1.1)

is renormalizable by power counting [25]. However, C2 causes difficulties, if treated as

usual, because it gives ghosts, which are responsible for unacceptable physics. Even if the

ghosts are assumed to be heavy or short-lived, it is always possible to imagine situations

where such assumptions are ineffective and the internal consistency of the theory breaks

down. An example is primordial cosmology, where we must properly treat the high-energy

limit (through the Bunch-Davies vacuum condition, for example), even if our purpose is

just to make predictions about the low-energy limit (which means the superhorizon limit,

in this case).

The problem of ghosts is due to an incorrect quantization procedure and disappears

[26] once we quantize the associated degrees of freedom as purely virtual particles, or

fakeons [27]. The physical predictions change, because the new prescription changes the

very definition of Feynman diagram. It does so in the only way that is consistent with the

optical theorem and unitarity, hence the theory obtained from (1.1) is both renormalizable
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and unitary. In particular, the renormalization is unaffected by the prescription1.

In the end, the theory contains a unique purely virtual particle, with spin 2 and mass

mχ. We denote it by χµν . It is removed from the physical spectrum at all energies by “inte-

grating it out” with the fakeon prescription. Similar operations provide a new formulation

of Lee-Wick theories [30] and overcome the difficulties of their original formulation.

Cosmology is an arena where we can appreciate how important these operations are

in order to get to sensible physics, because, as said, it is not possible to make predictions

about the low-energy (superhorizon) limit, if we do not properly take care of the opposite

limit. This requires a theory that is consistent (as a perturbative quantum field theory) at

all energies.

We can neglect the loop corrections [16], but other challenges appear. For example,

the quantization must be performed on a nontrivial background. This can be done by first

classicizing quantum gravity [31, 32] and then quantizing the (projected) classical limit by

means of the Bunch-Davies quantization condition. The consistency of this procedure on

the FLRW background leads to the bound mχ > mφ/4 on the coefficients of the terms

R2 and C2 [33], which makes the prediction on the tensor-to-scalar ratio r quite sharp

(0.4 . 1000r . 3 with 60 efoldings), at least in the case of single-field inflation.

Although the most popular models of inflation involve a single scalar field, the possi-

bility that more scalars participate in inflation at the same time is not excluded and has

attracted considerable attention in the literature [34, 35, 36]. Double-field and multi-field

inflation are also studied because of their interesting theoretical aspects. Due to their

complexity, they are normally handled by means of numerical methods.

In this paper, we minimally couple the quantum gravity theory defined as explained

above to a matter scalar field ϕ with a quadratic potential. The theory so obtained is

renormalizable [37]. We think that this makes it worth of consideration, given that renor-

malizability is the criterion provided by high-energy physics to overcome the arbitrariness

of classical theories. We study a scenario where both scalar fields (ϕ and the one due to

R2, which we denote by φ) participate in inflation at the same time and identify a per-

turbative regime where we can apply the approach of refs. [22, 23], based on the idea of

cosmic RG flow. We recall that this type of flow, originated by the dependence on the

background metric, has an asymptotically de Sitter beta function and is such that the

spectra of the cosmological perturbations satisfy equations of the Callan-Symanzik type

in the superhorizon limit.

We calculate the spectrum of the tensor fluctuations to the next-to-next-to-leading log

1The one-loop beta functions can be found in [28, 29].
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(NNLL) order, which is given in formula (4.29), and the spectra of the scalar fluctuations

to the NLL order, given in formula (5.23). As usual, the spectra of the tensor perturbations

are affected by C2 from the zeroth order, as emphasized by the dependence of the results

on mχ. The spectra of the scalar perturbations are not affected by mχ to the NLL order

included, where they coincide with those of the Starobinsky theory, which is obtained by

taking the limit mχ → ∞.

Along the way, we meet new challenges. The first difficulty is to identify the right

couplings. The quantity ε = −Ḣ/H2 helps us identify one of them, which we denote by

α, but the identification of the second one, which we denote by λ, is not straightforward.

The answer is provided by the perturbation spectra, if we require that

a) the beta functions are power series in α and λ and start quadratically;

b) the flow is asymptotically de Sitter in the infinite past, which means that α and λ

tend to zero for t→ −∞, where the metric tends to the de Sitter one;

c) the perturbation spectra are power series in α and λ, apart from overall factors;

d) the perturbation spectra are RG invariant on superhorizon scales.

Requirement a) means that the beta functions behave like those of an asymptotically

free quantum field theory, for example QCD. The possibility of having overall factors with

negative powers (or even fractional powers and essential singularities [24]) is due to the

fact that the spectra of the scalar perturbations commonly have such a feature.

A second issue is that in double-field inflation the two scalar modes, φ and ϕ, mix in

nontrivial ways. This makes the identification of the right physical quantities challenging.

Specifically, the adiabatic and isocurvature perturbations Radiab and Riso, as commonly

defined [35, 36], are not RG invariant, which means that they are not conserved on super-

horizon scales. Nevertheless, we can use RG invariance to identify conserved combinations

R(1)
RG and R(2)

RG. The right couplings α and λ, the beta functions, and the spectra of R(1)
RG

and R(2)
RG must be identified altogether, in order to satisfy the requirements a-d). Once this

goal is achieved, the RG properties are exploited to the fullest. The lesson is that cosmic

RG invariance is a physical principle to be placed side by side with gauge invariance.

The third issue concerns the predictivity of double-field inflation. Before explaining

this point, it is worth to briefly comment on the predictivity of single-field inflation in

quantum gravity with purely virtual particles. We have already remarked that, although

the typical predictions of primordial cosmology concern the superhorizon limit, it is not

enough to work around that limit to make such predictions. This is in contrast to what

happens in high-energy physics, where a low-energy effective theory is enough to make

predictions about low energies.
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There are two main reasons why we must include the high energies to make predictions

about the low energies in primordial cosmology. The first reason is that on a nontrivial

background we need to provide a quantization condition. This goal is normally achieved

by means of the Bunch-Davies vacuum condition, which refers to the high-energy limit of

the theory, where the problem can be handled because it reduces to a flat-space one in

conformal time. Clearly, it makes sense to impose such a condition only if the theory is

consistent at high energies, which is not true when it contains ghosts, because they do

not disappear there. Fakeons, instead, disappear everywhere, which leads us to the second

reason why it is crucial to include the high energies to make predictions about the low

energies. In the low energy regime fakeons disappear for free, because they massive, but in

the opposite limit we must impose a condition to ensure that they disappear as well. This

condition, which follows from the consistency of the fakeon projection and in particular

its classicization [31, 32] on a curved background, is the bound mχ > mφ/4 found in ref.

[33] (to which we refer as “ABP bound”). A bonus of the ABP bound is that it makes

the physical predictions quite sharp in single-field inflation. Note that in flat space there

would not be such issues.

In double-field inflation the ABP bound mχ > mφ/4 remains the same, but in principle

the dependence on the second coupling could spoil the relation between the tensor-to-scalar

ratio r and the scalar tilt ns. An unexpected result of RG invariance is that, instead, this

does not happen, at least to the leading order (in the perturbative regime that we identify

in the next section), where the final prediction agrees with the one of the pure quantum

gravity theory. This crucial property is satisfied by the RG invariant scalar perturbations

R(1)
RG and R(2)

RG, not by the standard adiabatic and isocurvature perturbations Radiab and

Riso. In the end, the predictions of the pure theory found in [33] turn out to be quite

robust.

Other troubles with double- and multi-field inflation are known. For example, the

curvature perturbations Radiab and Riso are not conserved in between the horizon exit and

the horizon re-entry. This problem must be reconsidered now, given that Radiab and Riso

are not RG invariant and the right physical quantities are R(1)
RG and R(2)

RG.

We work in the “geometric framework” introduced in ref. [33], which is the one where

the higher-derivative terms R2 and C2 of the action are kept as such. Apart from the

unusual presence of the term C2, the geometric framework coincides with the familiar

Jordan frame. It allows us to treat double-field inflation with just one explicit scalar field.

Alternatively, we could use the “inflaton framework”, which is obtained by introducing

the inflaton field φ explicitly to eliminate R2. It coincides with the Einstein frame, apart
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from the presence of C2. We prefer not to use this approach here, since it complicates the

two-scalar potential V(φ, ϕ), by mixing a potential of class I with a potential of class II,

according to the classification recently introduced in ref. [24].

A third framework is available, where the scalar φ and the spin-2 fakeon χµν are intro-

duced explicitly to eliminate both higher-derivative terms R2 and C2 [37]. At the practical

level, it is not very convenient for single-field inflation [33] and, more generally, cosmology

[32].

The interest in a theory like the one we study here is that it is renormalizable, besides

being local and unitary, so it can help address the issue of predictivity in quantum gravity

when matter is present. As said, the outcome is that the predictions of the pure theory

are not affected to the leading order. This is a nontrivial consequence of RG invariance.

Simpler models of double-field inflation can be considered, if we relax the renormalizability

constraint.

We mention that earlier calculations of the running of spectral indices in various sce-

narios (without fakeons) can be found in [38] and calculations of subleading corrections

are available in [39] and [40] in single-field and multi-field inflation, respectively.

The paper is organized as follows. In section 2 we introduce the theory, derive the beta

functions of the cosmic RG flow and recall the RG properties of the spectra. In section

3, we present the action and the fluctuations. In section 4 we compute the spectrum of

the tensor perturbations to the NNLL order. In section 5 we study the spectra of the

scalar perturbations to the NLL order, working out the RG invariant combinations R(1)
RG

and R(2)
RG. In section 6 we summarize the results and comment on the physical predictions

of the model. Section 7 contains the conclusions, while the appendices collect various

reference formulas that are too involved to be displayed in the main sections of the paper.

2 Cosmic RG flow for double-field inflation

In this section we formulate the cosmic RG flow in two couplings, associated with the

model of double-field inflation that we study in the paper. We recall that the “cosmic”

RG flow is not due to the radiative corrections. It is an alternative approach to inflation

itself. In particular, the role of the sliding scale is played by minus the conformal time

τ , so RG invariance and conservation are mapped into each other. This is the reason

why RG invariance allows us to find the conserved quantities on superhorizon scales. The

inflaton framework and the geometric framework mentioned above (which correspond to

the usual Einstein frame and Jordan frame, respectively, apart from the presence of the
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Weyl-squared term) are viewed as different schemes for the flow. Like in quantum field

theory, RG invariance ensures that the physical quantities (such as the spectra) are scheme

independent. The main types of cosmic RG flows in single-field inflation have been classified

in [24].

The action of the model is

SQG+scal =− 1

16πG

∫

d4x
√
−g
(

R +
1

2m2
χ

CµνρσC
µνρσ − R2

6m2
φ

)

+

∫

d4x
√
−g
(

1

2
DµϕD

µϕ− V(ϕ) +Q(ϕ)R

)

. (2.1)

where ϕ is the extra scalar field. Assuming for simplicity invariance under the symmetry

ϕ→ −ϕ, renormalizability requires

V(ϕ) = m2

2
ϕ2 +

f4
4!
ϕ4, Q(ϕ) = f2ϕ

2, (2.2)

where m, f2 and f4 are constants. Throughout the paper, we assume f2 = f4 = 0,

which leaves the theory renormalizable2. The choice f2 = f4 = 0 allows us to reduce the

computational effort, which is already considerable, without losing the main properties of

double-field inflation.

We look for a background solution where the metric is gµν =diag(1,−a2,−a2,−a2) and
ϕ depends only on time, by isotropy and homogeneity. The Friedmann equations and the

ϕ equation are

H2 +
1

m2
φ

(

6H2Ḣ − Ḣ2 + 2HḦ
)

=
κ̂2

4

(

ϕ̇2 + 2V
)

, ϕ̈+ 3Hϕ̇+ V ′ = 0, (2.3)

where a(t) denotes the scale factor, H = ȧ/a is the Hubble parameter and κ̂ ≡
√

16πG/3.

We omit the other Friedmann equation, since it can be obtained (multiplied by H) from

the equations just written, by differentiating the first one with respect to time and using

the second one to eliminate ϕ̈.

Before proceeding, we recall that, although H is almost constant during inflation, its

time dependence is crucial for the spectra of the fluctuations, which are normally expressed

2Renormalization does not turn on f2 and f4 when they are both absent at the classical level [37].

The reason is that at f2 = f4 = 0 each external ϕ leg carries a partial derivative ∂µ (vertices due to√−ggµν∂µϕ∂νϕ) or a mass m (vertices due to m2ϕ2√−g). Thanks to this, the superficial degrees of

divergence of the Feynman diagrams are lowered enough to forbid the counterterms Rϕ2 and ϕ4. Instead,

when either f2 or f4 is present at the classical level, the other one is generated at the quantum level [41].
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by means of the quantity ε = −Ḣ/H2 (which here becomes one of the couplings). Higher

time derivatives of H , on the other hand, parametrize the higher-order corrections to the

spectra and can be converted into higher powers of the couplings.

We introduce the couplings α, ς and λ, defined by

α = − Ḣ

H2
, ς =

κ̂ϕ̇

2H
, λ =

ς2

α
= − κ̂

2

4

ϕ̇2

Ḣ
, (2.4)

together with their beta functions

βα =
dα

d ln |τ | = − α̇

vH
, βς =

dς

d ln |τ | = − ς̇

vH
, βλ =

dλ

d ln |τ | = − λ̇

vH
=

2ςβς
α

− λβα
α
,

(2.5)

where v ≡ −(aHτ)−1 and τ denotes the conformal time

τ = −
∫ +∞

t

dt′

a(t′)
. (2.6)

We first work in the variables α and ς, which appear to be the natural ones at first.

We find that βα and βς are power series in α and ς, but the other functions involved in

the calculations, such as H , ϕ and the perturbation spectra, are singular for α → 0, and

not just by overall factors. Yet, it turns out that whenever negative powers of α appear,

they are associated with positive powers of ς, which suggests that some combination of ς

and α is the correct variable, instead of ς.

It turns out that the correct variables are α and λ. Apart from some appearances of√
λ in overall factors, the action of the tensor fluctuations and the Mukhanov-Sasaki (MS)

action of the scalar fluctuations depends on α and λ perturbatively (both in the limit of

infinitely heavy fakeon and at finite mχ). Second, the beta functions βα(α, λ) and βλ(α, λ)

are regular and have the forms

βα(α, λ)=α2 × (power series in α and λ) = −2α2 + higher orders,

βλ(α, λ)=αλ× (power series in α and λ) = −2αλ(1− 2%) + higher orders, (2.7)

where % = m2/m2
φ. Third, there is a region in parameter space, which is % < 1/2, i.e.,

m <
mφ√
2
, (2.8)

where the fixed point α = λ = 0, which is de Sitter space, is asymptotically free. The

running couplings tend to it as

α(−τ) ' ᾱ

1 + 2ᾱ ln |τ | , λ(−τ) ' λ̄

(

α(−τ)
ᾱ

)1−2%

, (2.9)
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for τ → −∞ (which means t → −∞), where ᾱ and λ̄ are integration constants. Finally,

the perturbation spectra are power series in α and λ, apart from overall factors. In the

rest of the paper we prove these statements and work out the RG invariant perturbation

spectra.

As said, we start by viewing v, H , ϕ and V as functions of α and ς. Denoting their

partial derivatives with respect to the couplings by means of subscripts (vα = ∂v/∂α,

vς = ∂v/∂ς, etc.) and converting the time derivatives by means of the identity

d

dt
=

d

adτ
= −vH d

d ln |τ | = −vH
(

βα
∂

∂α
+ βς

∂

∂ς

)

,

we find the equations

vαβα + vςβς = 1− v − α,
Hα

H
βα +

Hς

H
βς =

α

v
, ϕαβα + ϕςβς = − 2ς

κ̂v
. (2.10)

The first equation is obtained by differentiating the very definition of v = −(aHτ)−1, while

the second and third equations follow from the definitions (2.4). Using (2.3), the potential

V and its derivative V ′ with respect to ϕ are given by

V =
4H4

κ̂2m2
φ

[

vβα − 3α +
3

2
α2 +

m2
φ

2H2
(1− ς2)

]

, V ′ =
2H2

κ̂
[vβς − (3− α)ς] . (2.11)

2.1 Strategy

We first solve (2.10) by assuming generic expansions for the beta functions βα and βς .

Then we insert the solutions into (2.11) to determine the coefficients of the expansions.

The purpose is to find a solution in parameter space with the right properties to use

perturbative RG methods, that is to say: 1) the beta functions βα and βς are power series

in α and ς; 2) de Sitter limit is the fixed point at α = ς = 0; and 3) the beta functions

behave quadratically around that point, as in asymptotically free quantum field theories.

The existence of a regime with such properties emerges a posteriori, once the solution is

derived explicitly. We recall that, on the contrary, the regimes mostly studied in double-

field inflation so far rely on numerical methods.

In particular, the expansions of βα and βς must start from linear combinations of the

monomials α2, ας and ς2. Moreover, it is natural to demand that the case ς = 0 returns

the usual single-field Starobinsky inflation, triggered by the R2 term. To this purpose, we

can postulate that the expansion of βς factorizes an overall factor ς, i.e.

βα =

∞
∑

n=0

ςnbn(α), βς = ς

∞
∑

n=1

ςn−1cn(α),
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where bn(α) and cn(α) are power series in α, with b0(α) = O(α2) and b1(α) = O(α),

c1(α) = O(α). Then the second equation of (2.11) implies V ′ = 0 at ς = 0 and the second

equation of (2.4) implies ϕ̇ = 0: the scalar ϕ sits at the minimum of the potential V and

does not participate in inflation in this limit.

It is also convenient to expand the solutions for v, h and ϕ in powers of ς, the coefficients

being functions of α:

v(α, ς) =

∞
∑

n=0

ςnvn(α), H(α, ς) = h0(α) exp

( ∞
∑

n=1

ςnhn(α)

)

, ϕ(α, ς) =

∞
∑

n=1

ςnϕn(α).

(2.12)

The zeroth-order functions v0(α), h0(α) and b0(α) satisfy

b0v
′
0 + v0 = 1− α, v0b0h

′
0 = αh0, b0v0 = 3α− 3

2
α2 −

m2
φ

2h20
.

The first two equations come from (2.10) and can be integrated for v0 and h0 by quadra-

tures, given b0. Then, the third equation, which comes from the first equation of (2.11),

fixes b0. The solutions

v0(α)= 1− α− 2α2 − 29

3
α3 +O(α4),

h0(α)=
mφ√
6α

[

1− α

12
+

19

288
α2 − 373

3456
α3 +O(α4)

]

, (2.13)

b0(α)=−α2

[

2 +
5

3
α +

56

9
α2 +

742

27
α3 +O(α4)

]

,

describe the single-field problem (ς = 0) in the geometric framework.

The functions vn(α), hn(α) and ϕn(α) with n > 0 can be worked out iteratively from

equations (2.10) by means of quadratures, given the beta functions. For example, the first

functions satisfy

b0v
′
1 + (1 + c1)v1 = −b1v′0, b0v

′
2 + (1 + 2c1)v2 = −b1v′1 − b2v

′
0 − c2v1,

b0ϕ
′
1 + c1ϕ1 = − 2

κ̂v0
, b0ϕ

′
2 + 2c1ϕ2 = −b1ϕ′

1 − c2ϕ1 +
2v1
κ̂v20

,

b0h
′
1 + c1h1 = −αv1

v20
− b1

h′0
h0
, b0h

′
2 + 2c1h2 = −b1h′1 − b2

h′0
h0

− c2h1 +
α

v30

(

v21 − v2v0
)

.

Assuming that vj , ϕj and hj are known for j 6 n, we first find vn+1 from equations

like those of the first line and ϕn+1 from equations like those of the second line. Then we

can work out hn+1 from equations like those of the third line.

10



21
A
2
R
en
or
m

The solutions can be expanded in powers of α, but while vn(α) are regular, ϕn(α) and

hn(α) may contain overall negative powers. More explicitly, they have expressions of the

forms

ϕn(α), hn(α) =
1

αn
(power series in α), n > 0.

Once v, H are ϕ are known, V and V ′ are also known, so (2.11) become consistency

conditions, which determine the coefficients of the beta functions βα and βς . For example,

given the potential V(ϕ) = m2ϕ2/2, the first condition coming from the first formula of

(2.11) is

b0v1 + b1v0 + 4b0h1v0 − 6α(2− α)h1 +
m2

φh1

h20
= 0.

The first two conditions coming from the second formula of (2.11) are

c1v0 − 3 + α− m2κ̂ϕ1

2h20
= 0, c1(v1 + 2h1v0) + c2v0 − 2(3− α)h1 −

m2κ̂ϕ2

2h20
= 0.

2.2 Solution

The instructions just given are enough to work out the solution, which we have done up

to the orders α14−pςp with p 6 10. We report the result in the variables α and λ, even if

it is still unclear why we should use them. To the NNLL order, we have

βα(α, λ)=−2α2 − 5

3
α3 + 3α2λ

(

1

%
− 2

)

− 56

9
α4 + α3λ(5− 8%)− 9

%
α2λ2 + α2O3,

βλ(α, λ)= 2αλ(2%− 1) +
α2λ

3

(

8%2 + 2%− 3
)

+ 3αλ2
(

4− 1

%

)

+ α2λ2
(

20%− 1− 2

%

)

+
2α3λ

9

(

16%3 − 28%2 + 72%− 31
)

+
9αλ3

%
+ αλO3, (2.14)

where On means O(αn−mλm), 0 6 m 6 n. The leading log running couplings are (2.9).

The NLL running couplings, which are needed for the calculations of the next sections, are

derived below.

We see that both positive and negative powers of % appear in the expansions of the

beta functions, so we assume that % is neither too small nor too large. Moreover, a large

% makes the scalar ϕ very heavy. In that case, it can be integrated out and effectively

decouples, returning the single-field inflation driven by φ. Also note that a large % violates

the bound (2.8) of asymptotic de Sitter freedom.
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As far as the functions v, ϕ and H are concerned, which are useful to derive the spectra,

we collect their lowest orders in formulas (A.1) of the appendix. Observe that

βα(α, λ)=α2A(α, λ), βλ(α, λ) = αλB(α, λ),

V(ϕ(α, λ))= λ

α
Ṽ(α, λ), v(α, λ) = 1− α + α2∆v(α, λ), (2.15)

where A, B, Ṽ and ∆v are power series in α and λ. In particular, the structures (2.7)

are confirmed. We are going to need these properties to show that the Mukhanov-Sasaki

action of the scalar perturbations is perturbative in α and λ.

2.3 Running couplings

To the NLL order we have

βα(α, λ)=−2α2 − 5

3
α3 +

3

%
α2λ(1− 2%),

βλ(α, λ)=−2αλ(1− 2%) +
α2λ

3

(

8%2 + 2%− 3
)

− 3

%
αλ2(1− 4%). (2.16)

We can work out the running couplings to the same order from the ansatz

α(−τ) = αk

z
[1 + αkf1(z) + λkf2(z)] , λ(−τ) = λkz

2%−1 [1 + αkf3(z) + λkf4(z)] ,

(2.17)

where k is a reference momentum scale, z = 1 + 2αk ln(−kτ), αk and λk denote the

couplings at τ = −1/k and fi(z), i = 1, . . . 4 denote unknown functions. Inserting (2.17)

into (2.16) and working to the required orders, we obtain

α(−τ) = αk

z

[

1− 5αk

6z
ln z − 3λk

4z%2
(2%− 1)

(

z2% − 1
)

]

,

λ(−τ) =λkz
2%−1

{

1 + (2%− 1)αk
5 ln z + 2(z − 1)(2%− 1)

6z
(2.18)

+
3λk

4%2z(2%− 1)

[

(4%2 + 2%− 1)(z2% − 1) + 4%(2%2 − 4%+ 1) (z − 1)
]

}

.

2.4 RG invariance of the perturbation spectra

In the next section we prove that the spectrum PT of the tensor fluctuations is RG invari-

ant in the superhorizon limit, where it satisfies an RG evolution equation of the Callan-

Symanzik form, with vanishing anomalous dimension. As far as the spectra of the scalar
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perturbations are concerned, the RG invariant ones can be identified only a posteriori,

using RG invariance as the guiding principle.

Before proceeding, we recall the meaning of RG invariance. Considering the spectra as

functions of α, λ and τ , they are RG invariant if they satisfy

dP
d ln |τ | =

(

∂

∂ ln |τ | + βα(α, λ)
∂

∂α
+ βλ(α, λ)

∂

∂λ

)

P = 0. (2.19)

If we express α and λ as functions of τ , αk, λk, by means of the running couplings, the RG

equations imply that the dependence on τ drops out and we remain with

P = P̃(αk, λk),
dP̃(αk, λk)

d ln k
= −βα(αk, λk)

∂P̃(αk, λk)

∂αk

−βλ(αk, λk)
∂P̃(αk, λk)

∂λk
. (2.20)

This means that the spectra depend on the momentum k only through αk and λk. Finally,

expressing αk and λk as functions of k/k∗ and α∗ = α(1/k∗), λ∗ = λ(1/k∗), where k∗ is the

pivot scale, the RG equation reads
(

∂

∂ ln k
+ βα(α∗, λ∗)

∂

∂α∗
+ βλ(α∗, λ∗)

∂

∂λ∗

)

P(k/k∗, α∗, λ∗) = 0. (2.21)

The RG techniques allow us to calculate RG improved power spectra. This means

that, if P is expanded in powers of α∗ and λ∗, the products α∗ ln(k/k∗) and λ∗ ln(k/k∗)

are considered of order zero and treated exactly.

3 Action and fluctuations

In this section we expand the action and give a preliminary discussion about the physical

quantities. Following [33], it is convenient to introduce an auxiliary field Ω and write (2.1)

as

S=− 1

16πG

∫

d4x
√
−g
[

R +
1

2m2
χ

CµνρσC
µνρσ − 1

6m2
φ

(2R− Ω0 − Ω)(Ω0 + Ω)

]

+
1

2

∫

d4x
√−g

(

gµν∂µϕ∂νϕ−m2ϕ2
)

. (3.1)

We have also shifted Ω by an arbitrary function Ω0, to be determined.

The metric is parametrized as

gµν =diag(1,−a2,−a2,−a2) + 2diag(Φ, a2Ψ, a2Ψ, a2Ψ)− δ0µδ
i
ν∂iB − δiµδ

0
ν∂iB

−2a2
(

uδ1µδ
1
ν − uδ2µδ

2
ν + vδ1µδ

2
ν + vδ2µδ

1
ν

)

, (3.2)
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where u = u(t, z) and v = v(t, z) are the graviton polarizations, chosen, with no loss

of generality, so that their space momentum k is oriented along the z axis after Fourier

transform.

We expand the matter scalar field ϕ as

ϕ = Θ0 +Θ.

where the background function Θ0 is the solution ϕ(α, λ) calculated in the previous section

and Θ is the quantum fluctuation. See [17, 18, 42] for reviews on the parametrizations of the

metric fluctuations, their transformations under diffeomorphisms and common conventions.

The fakeon χµν has spin 2, so it has 5 components, which must be projected away as

anticipated in the introduction. Two of them make the higher-derivative partners of u and

v. Another two make the vector perturbations, which we do not consider since they do

not contain physical polarizations (the fakeon projection trivializes them to the quadratic

order [33]). The fifth, scalar component of χµν is part of the scalar fluctuations.

The scalar modes are Ψ, Φ, B, Ω and Θ. One such field can be eliminated by means

of a gauge choice. Another one appears algebraically and can be integrated out straight-

forwardly. A third one can be identified with the scalar component of χµν just mentioned.

The remaining two are the physical scalar fluctuations, one being provided by the metric

and one by the matter field ϕ.

Specifically, we choose the spatially-flat gauge Ψ = 0 and set

Ω0 = 2R0 = −6Ḣ − 12H2 = 6(α− 2)H2,

where R0 is the Ricci scalar calculated on the unperturbed metric. Once the action (3.1)

is expanded to the quadratic order in the fluctuations u, v, Φ, Ω, Θ and B, we see that the

graviton fields u and v decouple from the scalar fields (and from each other). This allows

us to treat the tensor fluctuations and the scalar fluctuations separately.

The quadratic Lagrangian Lt of the tensor perturbations is derived later, see formula

(4.1). Here we borrow the result to analyze it in the superhorizon limit k/(aH) → 0, where

it becomes

(8πG)
Lt

a3
= u̇2

[

1 + (2− α)H2

(

2

m2
φ

+
1

m2
χ

)]

− ü2

m2
χ

. (3.3)

Clearly, u = constant solves the equations of motion. The arguments of ref. [22,

23] can then be repeated to show that the u two-point function is RG invariant in the

superhorizon limit, and so is the spectrum of the tensor perturbations. We are going to
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use this knowledge to enhance the calculation by one order of magnitude and get to the

NNLL order more easily.

As for the scalar fluctuations, the issue is more involved, due to a mixing between

the physical degrees of freedom. We can define an adiabatic perturbation Radiab and an

isocurvature perturbation Riso (see appendix D). Both Radiab and Riso are gauge invariant,

by construction, and so is any linear combination

Rmix = CRadiab +DRiso, (3.4)

where C and D are functions of the background. However, Radiab and Riso are not con-

served in the superhorizon limit. In the approach of this paper, this means that they are

not RG invariant on superhorizon scales. The questions are: which combinations (3.4) are

RG invariant? How to find them?

In single-field inflation, the superhorizon limit of the action shows that Radiab is au-

tomatically RG invariant [22], so we do not need to multiply by a function C of the

background. In double-field inflation it is not simple, in general, to uncover the RG in-

variant combinations R(1)
RG and R(2)

RG from the superhorizon limit of the action. Luckily, the

properties of the cosmic RG flow identify R(1)
RG and R(2)

RG rather straightforwardly, which

motivates us to propose RG invariance as the guiding principle to identify the right physical

quantities.

In section 5 we work out the spectra of R(1)
RG and R(2)

RG to the NLL order by means of

this approach. We upgrade the strategy of [33] by using the RG techniques of [22, 23],

which we further extend from the Einstein frame to the Jordan frame and from single-field

inflation to double-field inflation. We also compare the spectra with those of Radiab and

Riso.

4 Tensor perturbations

In this section we study the tensor perturbations and work out their spectrum to the NNLL

order. It is easy to show that the quadratic action of the tensor fluctuations u and v is

unaffected by the scalar field ϕ and formally coincides with the one of the single-field case

found in [33]. After Fourier transforming the space coordinates to the momentum k, we

obtain

(8πG)
Lt

a3
=

(

u̇2 − k2u2

a2

)

[

1 + 2(2− α)
H2

m2
φ

+
k2

a2m2
χ

]

+
u̇2

m2
χ

[

(2− α)H2 +
k2

a2

]

− ü2

m2
χ

,

(4.1)
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plus an identical contribution for v, where k = |k|. What changes is that now H and a

(and consequently the spectra) depend on both couplings α and λ. In (4.1) u̇2, u2 and ü2

stand for u̇ku̇−k, uku−k and ükü−k, respectively, where uk is the Fourier transform of u

with respect to the space coordinates. We drop the subscripts k and −k when no confusion

is expected to arise.

We first eliminate the higher derivatives of Lt by adding an auxiliary field U and

considering the extended Lagrangian

L′
t = Lt +

a3

8πGm2
χ

(

m2
χS − ü− fu̇− gu

)2
, (4.2)

where f and g are functions to be determined. The theories described by the Lagrangians

Lt and L′
t are equivalent, because S appears algebraically. Indeed, when we solve the S

field equation and insert the solution back into L′
t, we retrieve Lt. If we keep S, instead,

and integrate by parts to remove ü from the term proportional to üS, L′
t contains two

fields (u and S), but no higher derivatives.

4.1 De Sitter diagonalization

We can diagonalize L′
t in the de Sitter limit α = λ = 0 by choosing

f = (3− 2α)H, g =
m2

χ

2
+
k2

a2
−
(

2α +
α

ξ
− α2 + vβα

)

H2,

and making the field redefinitions

u=mφ

√

ζπG
U + V

aH

[

1 + ζ(ξ − 1)
α

2
+ ζ2(ξ − 1)2

α2

8

]

,

S=− 4

mφ

√

πG

ζ

H

a

[

V + ζ(ξ − 1)
α

2
U + ζ2(ξ − 1)2

α2

8
V

]

, (4.3)

where U and V are new fields and ξ = m2
φ/m

2
χ, ζ = 2/(2 + ξ). Switching to conformal

time, we find the action

St =

∫

dτaL′
t =

∫

dτ (LU + LV + LUV ) , (4.4)

where we have separated the U sector LU , from the V sector LV and the mixing sector

LUV .
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Since the results to the NNLL order are involved, we just report the intermediate steps

in concise forms, leaving the explicit expressions to the appendix. We find

LU =
1

2
U ′2+q2U

2+αO3, LV = −1

2
V ′2+q4V

2+αO1, LUV = q5UV +q6UV
′+αO3,

(4.5)

where the coefficients q2, q4, q5 and q6 are given in formula (B.1). The primes on U and V

denote derivatives with respect to τ .

4.2 Fakeon projection

The fakeon projection requires to “integrate out V ”, by first solving the V field equation

with the fakeon prescription and then inserting the solution V (U) back into the action.

The form of LUV makes it clear that V (U) is O2. When V (U) is inserted into (4.4), both

LV and LUV give contributions that are O4. Since our plan is to work out the spectra to

the NNLL order, it is enough to keep the orders O3, so the projected Lagrangian is just

LU . Higher-order corrections are more complicated, since St contains nonlocalities from

O4 onwards.

The projection V (U) makes sense when no tachyonic behaviors are present, i.e., the

ABP bound of ref. [33] is fulfilled. Now we show that the bound is independent of α and

λ and coincides with the one of the single-field case, which is mχ > mφ/4.

The bound is obtained by ensuring that the fakeon projection makes sense not only

in the superhorizon limit k/(aH) → 0, but also in the opposite limit k/(aH) → ∞. As

recalled in the introduction, a crucial feature of primordial cosmology is that in order to

make predictions about the superhorizon limit, it is not enough to study that limit, but it

is necessary to interpolate from the infinite past.

This is also a key ingredient of the fakeon projection, because we must be sure that

χµν is a purely virtual particle at every energy. Now, fakeons are better understood in

flat space, having been introduced for the theory of scattering in perturbative quantum

field theory, but here we are expanding around a nontrivial background. Luckily, in both

limits k/(aH) → 0 and k/(aH) → ∞ the problem reduces to a flat-space one, in suitable

variables, where the fakeon projection is also understood [31, 32].

Let us consider the V field equation

V ′′ + k2V +
4V

ξτ 2
= O2. (4.6)

This form is useful to study the limit |kτ | � 1, where V ′′ + k2V ∼ O2 and the projection

reduces to the flat-space one in conformal time. The fakeon Green function is given by
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[31, 32]

1
d2

dτ2
+ k2

∣

∣

∣

∣

∣

f

=
1

2k
sin (k|τ − τ ′|) , (4.7)

where the subscript “f” means “fakeon prescription”.

Introducing the “inflaton cosmological time”

t̄ = − ln(−H0τ)

H0
,

where H0 is a constant, ā = eH0 t̄ andW (t̄) = ā1/2H2
0V , we can write (4.6) in the equivalent

form
d2W

dt̄2
+
k2

ā2
W +

H2
0

4ξ
(16− ξ)W = O2, (4.8)

which is efficient to study the superhorizon limit k/(āH0) → 0.

The fakeon Green function Ĝf(t̄, t̄
′) for equation (4.8) is uniquely determined by requir-

ing that it matches (4.7) for k/(āH0) � 1. The result is [33]

Ĝf(t̄, t̄
′) =

iπsgn(t̄− t̄′)

4H0 sinh (nχπ)

[

Jinχ
(ǩ)J−inχ

(ǩ′)− Jinχ
(ǩ′)J−inχ

(ǩ)
]

, nχ =

√

4m2
χ

m2
φ

− 1

4
,

where Jn denotes the Bessel function of the first kind, ǩ = ke−H0 t̄/H0, ǩ
′ = ke−H0 t̄′/H0,

and sgn(t̄) is the sign function. Thus, the fakeon Green function in the superhorizon limit

becomes [33]

1
d2

dt̄2
+H2

0n
2
χ

∣

∣

∣

∣

∣

f

=
1

2H0nχ
sin (H0nχ|t̄− t̄′|) . (4.9)

This function exhibits no tachyonic behaviors only for

mχ >
mφ

4
. (4.10)

When this bound is violated, we have a hyperbolic sine in (4.9), which means that the

theory is in a different phase and the large scale structure of the universe as we know it

cannot form. This scenario is beyond the scope of this paper and needs to be explored

separately.

Note that we have not switched from τ to t, which is the cosmological time of the

geometric approach. If we do it, we do not obtain a harmonic oscillator with constant

frequency. Then we need a further reparametrization to reduce to a problem of that type.

An example of such a reparametrization is precisely the one that switches from t to t̄. Any

other one leads to the same conclusion (4.10), since a theorem proved in [33] ensures that
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once the squared mass is constant in some paramerization, any further reparametrization

that leaves it constant preserves its sign. For this reason, it is enough to derive the ABP

bound in the variable t̄.

Having established when the projection makes sense, the projected field V (U) can be

obtained relatively easily, because we just need it in the superhorizon limit k/(aH) → 0 3.

We can derive V (U) for k/(aH) → 0 by means of the ansatz

V (U) = s1(α, λ)U + s2(α, λ)τU
′, (4.11)

where s1, s2 are functions to be determined. We insert this expression into the V field

equation, truncated to the order we are interested in, which is

V ′′ + 2q4V + (q5 − q′6)U − q6U
′ = αO3. (4.12)

Then we use the U field equation U ′′ = 2q2U +αO3 to eliminate U ′′. Finally, we determine

s1, s2 by killing the terms proportional to U and U ′ in (4.12). The result is given in

formulas (B.2) of the appendix.

4.3 Projected action and RG invariance

As said, the projected Lagrangian to the order we need is just LU . We write the action in

the form

Sproj
t =

1

2

∫

dτ

[

U ′2 − htk
2U2 + (2 + σt)

U2

τ 2
+O4

]

, (4.13)

where

ht =1− 2ξζα2 − 3

%
ξζα2λ(2%− 1) +

1

6
ξζ2α3 (14− 11ξ) +O4,

σt =9ζα2

(

1 +
3

2
λ

)

+
3ζ2α3

2
(32 + 37ξ + 6ξ2) +O4.

Defining η = −kτ and w(η) = U(τ)
√
k, (4.13) becomes

Sproj
t =

1

2

∫

dη

[

w′2 − htw
2 + (2 + σt)

w2

η2

]

, (4.14)

where the prime on w stands for the derivative with respect to η and we have dropped the

orders that do not contribute to our calculation. The w equation of motion is

w′′ + htw − 2 + σt
η2

w = 0. (4.15)

3The large k/(aH) behavior is required only for the Bunch-Davies vacuum condition on the solution of

the projected U equation, which, as remarked above, is unaffected by V (U) to the order we are considering.
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If we want the tensor spectrum to the NNLL order, we actually need the O4 contribu-

tions to σt. We can infer them indirectly, by means of RG invariance and the method of

[23]. What makes this possible is the knowledge, from section 3, that the tensor mode u

is RG invariant in the superhorizon limit4.

We parametrize the O4 contributions to σt as

ζ2α2(c1α
2 + c2αλ+ c3λ

2) (4.16)

and determine the constants ci as follows. First, we decompose ηw(η) as the sum

ηw = Q(ln η) + Y (η). (4.17)

of a power series Q(ln η) in ln η plus a power series Y (η) in η and ln η, such that Y (η) → 0

term-by-term for η → 0. Inserting (4.17) into (4.15), we find

Q′′ − 3Q′ − σtQ = σtY + 2ηY ′ − η2Y ′′ − htη
2(Y +Q), (4.18)

where the primes denote the derivatives with respect to the arguments of the functions.

Both sides of equation (4.18) must be separately zero, because the left-hand side is an

expansion in powers of ln η, while the right-hand side is at least an overall factor η times

an expansion in powers of ln η. Thus, the Q equation reads

Q′′ − 3Q′ =

(

d

d ln η
− 3

)

dQ

d ln η
= σtQ.

Actually, this equation can be further reduced, since the contributions proportional to

η3, allowed by the operator in parenthesis, do not belong to Q, by construction. The

workaround is to invert that operator perturbatively, which gives [22]

DQ = −1

3

1

1− D
3

(σtQ), (4.19)

where

D ≡ d

d ln η
= βα

∂

∂α
+ βλ

∂

∂λ
. (4.20)

It is understood that
(

1− D
3

)−1
on the right-hand side of (4.19) must be expanded as a

power series in D. Indeed, D is O1, since the beta functions βα and βλ are O2 to the

leading order.

4We cannot proceed like this for the scalar perturbations, because the RG invariant combinations R(1)
RG

and R(2)
RG are not known a priori.
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Viewing Q(ln η) as a function Q̃ of α and λ, we can write

DQ̃ = −σtQ̃
3

− 1

9
D(σtQ̃)−

1

27
D2(σtQ̃), (4.21)

to the order we need. We express the solution as

Q̃t(α, λ;αk, λk) =
Jt(α, λ)

Jt(αk, λk)
Q̃t(αk, λk), (4.22)

where Jt and Q̃t are functions to be determined. We calculate the constants ci of (4.16)

from the RG invariance of u in the superhorizon limit, which ensures that u cannot depend

on α and λ in that limit.

Specifically, formula (4.3) gives

u =
mφ

aH

√

ζπG [U + s1(α, λ)U + s2(α, λ)τU
′]

[

1 + ζ(ξ − 1)
α

2
+ ζ2(ξ − 1)2

α2

8

]

. (4.23)

Replacing U = w/
√
k with Q̃/(η

√
k), we obtain that the expression

[Jt + s1(α, λ)Jt + s2(α, λ)(DJt − Jt)] v

[

1 + ζ(ξ − 1)
α

2
+ ζ2(ξ − 1)2

α2

8

]

(4.24)

must be a numerical constant to the NNLL order. Solving (4.21) for Jt(α, λ) and inserting

the solution into (4.24), we find (B.3) and (B.4), the numerical constant being equal to

unity.

Note that the expression (4.22) does not match the one of [23] for λ, λk → 0, because

the calculations of [23] were done in the inflaton framework, while we are working in the

geometric framework here. Only the physical quantities (spectra, tilts, running coefficients,

etc.) need to match, as they do (see below).

4.4 Solution of the projected equation of motion

It remains to determine the constant Q̃t(αk, λk) of formula (4.22). To achieve this goal,

we need to solve the equation of motion (4.15) of the projected action (4.13). To impose

the correct Bunch-Davies condition, we need to make a change of variables and eliminate

the mass renormalization ht. Following [22], we rewrite the action (4.13) as

S̃prj
t =

1

2

∫

dη̃

(

w̃′2 − w̃2 +
2w̃2

η̃2
+ σ̃t

w̃2

η̃2

)

, (4.25)
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where the new variable η̃(η) is defined as the solution of the differential equation η̃′(η) =
√

ht(η) with the initial condition η̃(0) = 0, while

w̃(η̃(η)) = ht(η)
1/4w(η), σ̃t =

η̃2(σt + 2)

η2ht
+

η̃2

16h3t

(

4hth
′′
t − 5h′2t

)

− 2. (4.26)

The Bunch-Davies vacuum condition for (4.25) is the usual one,

w̃(η̃) ' eiη̃√
2

for η̃ → ∞. (4.27)

Using (4.26) and the running couplings (2.18), we expand σ̃t in powers of αk and λk, then

expand the w̃ equation of motion by writing

w̃ = w̃0 + α2
kw̃2 + α3

kw̃3 + α2
kλkw̃21 + · · · (4.28)

The solution is given by

w̃2(η̃) = ζW2(η̃), w̃21(η̃) =
3ζ

2
W2(η̃),

w̃3(η̃) = ζW3(η̃)−
ζ

6

[

4(8 + 3ξ)− ζ(32 + 37ξ + 6ξ2)
]

W2(η̃),

the functions Wi(η̃) being defined in formula (E.1). Since each Wi(η̃), i > 0, tends to zero

for η̃ → ∞, (4.28) satisfies (4.27).

Next, the first formula of (4.26) gives w(η), where from we can extract Q(ln η) by means

of (4.17) and the asymptotic behaviors (E.2). At ln η = 0 we obtain the desired spectral

normalization Q̃t(αk, λk) = Q(0), reported in formula (B.5). Finally, the η dependence of

Q(ln η) provides a check of (4.22) up to the RG improvement.

4.5 Perturbation spectrum

Inserting (B.5) into (4.22) and using (4.17), we obtain w(η) in the superhorizon limit, hence

U(τ) = w(η)/
√
k in the same limit. Then (4.23) gives u and (E.3) gives the spectrum.

The result is

PT (k) =
4m2

φζG

π

[

1− 3ζαk

(

1 + 2αkγM + 4γ2Mα
2
k −

π2α2
k

3
− α2

k

3

)

+
ζ2α2

k

8
(94 + 11ξ)

+3γMζ
2α3

k(14 + ξ)− ζ3α3
k

12
(614 + 191ξ + 23ξ2)− 9

4%
ζαkλk

+
3

4

(

20 + ξ

%
+ 3(1− 2γM)(2 + ξ)

)

ζ2α2
kλk +O4

]

. (4.29)
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At λk = 0 it agrees with the one of [23], as expected, but with one caveat: the two

couplings αk used here and there do not coincide, since the single-field calculation of [23]

was performed in the inflaton framework (Einstein frame), while the present calculation is

performed in the geometric framework (Jordan frame). The conversion between the two

(check for example the appendix of [33]) is

αinfl
k = αk −

α3
k

3
+O(α4

k). (4.30)

Once the conversion is taken into account, we have a perfect match with the result of [23]

for λk = 0.

We see that PT (k) has a regular expansion in powers of αk and λk, but also a regular

expansion in powers of αk and ςk =
√
αkλk. The spectra of the scalar perturbations will

only have a regular expansion in powers of αk and λk.

One virtue of the RG approach is that it returns manifestly RG invariant spectra.

As in the dimensional transmutation familiar from quantum field theory, the sliding scale

(which is minus the conformal time τ) has disappeared from PT , replaced by 1/k inside

the running couplings αk and λk. The relation (4.30) can be viewed as a scheme change,

the two schemes being the Einstein frame and the Jordan frame. The match between

(4.29) and the result of [23] at λk = 0 provides an explicit confirmation that the physical

quantities, such as the spectra, are scheme independent.

The Starobinsky limit is obtained by letting mχ tend to infinity, where the theory

becomes R +R2 plus the extra scalar field ϕ. There we have

Pmχ=∞
T (k)=

4m2
φG

π

[

1− 3αk +
α2
k

4
(47− 24γM) − 9αkλk

4%

−
(

301

6
+ 12γ2M − 42γM − π2

)

α3
k +

3

2

(

10

%
+ 3− 6γM

)

α2
kλk +O4

]

. (4.31)

5 Scalar perturbations

In this section we study the spectra of the scalar perturbations, which we compute to the

NLL order. We show that, as in the single-field case, they are unaffected by the fakeon

χµν , since the first corrections that depend on mχ are the NNLL ones. This means that

the results of this section coincide with those of the theory R + R2 plus the extra scalar

field ϕ.

Nevertheless, to prove the statements just made, we still need to start from the complete

R+R2 +C2 theory, perform the fakeon projection and verify that the results are actually
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mχ independent to the NLL order. We do so by expanding in powers of ξ = m2
φ/m

2
χ.

The four scalar fields Ω, B,Φ,Θ appearing in the action play the following roles: Φ is

an auxiliary field and can be integrated out straightforwardly, B (plus certain corrections)

is the scalar fakeon, while Ω and Θ (plus corrections) encode the physical perturbations

U1 and U2. The nontrivial mixing between U1 and U2 complicates the identification of the

RG invariant combinations. The difficulty can be overcome if we use RG invariance as a

guiding principle. Since most formulas we are going to meet in the intermediate steps are

lengthy, we cannot report them here, but just give the main details to work out the final

result.

We expand the Lagrangian (3.1) by means of (3.2) (with u = v = 0) to the quadratic

order in the fluctuations. Then we make the field redefinitions Ω, B,Φ,Θ → U1, E, Φ̃, U2,

where

Ω = 8mφ

√
3πG

H

a
U1, B = 2

√
3πG

a

k2
E, Φ = 8mφ

√
3πG

Φ̃

aH
, Θ =

U2

a
. (5.1)

Next, we simplify the Lagrangian by using the equations (2.3) and (2.11) of the background

metric and the background scalar ϕ. At the end, we switch to conformal time. Using the

properties (2.15), it is easy to show that the quadratic Lagrangian we obtain is analytic in

α and λ, apart from the linear terms in U2 and U
′
2, which are multiplied by an extra factor√

λ. In particular, the de Sitter limit α, λ→ 0 is regular and reads

LdS =
1

2
U ′2
2 − k2

2
U2
2 +

U2
2

τ 2
− E ′2

2m2
χ

+
2U1E

′

τmφ
− 6EU1

τ 2mφ
− 2

τ 2
U2
1

+
4Φ̃

τ 2

(

12U1 + 12
E

mφ
+ 6τU ′

1 + k2τ 3
mφ

m2
χ

E ′ − 2k2τ 2U1

)

− 8Φ̃2

τ 2

(

36 +
m2

φ

m2
χ

k4τ 4
)

.

In this limit the extra scalar U2 decouples and the quantum gravity sector can be treated

as in the single-scalar case. The negative sign in front of the E kinetic term E ′2 shows

that E (plus corrections) is the fakeon.

5.1 ABP bound

If we integrate out the auxiliary field Φ̃, we obtain, on superhorizon scales k/(aH) → 0 in

the de Sitter limit,

Lk→0
dS =

1

2
U ′2
1 +

U2
1

τ 2
+

1

2
U ′2
2 +

U2
2

τ 2
− 1

2m2
χ

(

E ′2 − 4
m2

χ

m2
φ

E2

τ 2

)

.
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The E-dependent part of the action reads, in cosmological time,

∫

dτLk→0
CdS ' − 1

2m2
χ

∫

adt

[

Ė2 −
2m2

χ

3α
E2

]

,

up to subleading corrections, where we have used v = −1/(aHτ) = 1 + O1 and H =

mφ/
√
6α(1+O1). As in the previous section, we can read the ABP bound [33] by defining

a new cosmological time t′ = t′(t) to reduce the problem to one with constant coefficients,

up to corrections of higher orders. For example, we can choose dt/dt′ =
√
α and Ẽ(t′) =

α−1/4E(t)
√
a, which gives

∫

dτLk→0
CdS ' − 1

2m2
χ

∫

dt′





(

dẼ

dt′

)2

+
(

m2
φ − 16m2

χ

) Ẽ2

24



 .

The squared mass of the fakeon is positive if and only if (4.10) holds, so the ABP bound

of the scalar perturbations coincides with the one of the tensor perturbations. Again,

any reparametrization that gives a constant squared mass leads to the same ABP bound.

These properties suggest that the ABP bound is a universal property of the theory.

At this point, we can proceed to project the fakeon out.

5.2 Fakeon projection

When we restore the dependence on α and λ, we move away from the de Sitter point. To

study this situation, we still eliminate the auxiliary field Φ̃ and then expand in powers

of ξ to perform the fakeon projection, which expresses E in terms of U1, U2 and their

derivatives. We have done this explicitly to the order ξ3 included. In the small ξ expansion,

the projection is straightforward, since the E field equation has the form

4Ê

ξτ 2
− k2

3
Ê + Ê ′′ = O1 +O(ξ), (5.2)

having defined

E =

√

3

πG
Ê +

mφk
2τ 2

6
U1,

so the solution can be worked out algebraically by iteration.

Inserting the solution back into the Lagrangian, we obtain the projected Lagrangian,

which has the form

LMS =
1

2

2
∑

i=1

[

U ′2
i +

(

2

τ 2
− k2

)

U2
i

]

+O1 +O(ξ). (5.3)

25



21
A
2
R
en
or
m

The corrections can contain higher derivatives of U1, multiplied by higher powers of ξ.

They can be eliminated by means of a change of variables

U1 = u1

(

1− α

2
+
α2

2
+

9

8%
αλ

)

− α

√

3λ

2
u2 +O5/2 +O(ξ), U2 = u2, (5.4)

which turns (5.3) into the standard form

LMS=
1

2

2
∑

i=1

[

u′2i +

(

2

τ 2
− k2

)

u2i

]

+
α

τ

√
6λu′1u2 +

α

τ 2

[

(3 + 10α)u21 −
9

2%
λu21

]

+
αu2
τ 2

[

3

2
(1− 2%)(1 + 4α)u2 +

11

2
%αu2 + 4

√
6λu1 −

9

2
λu2

]

+O5/2. (5.5)

Note that this expression is exact in ξ, which proves our statement: the scalar spectra are

unaffected by the fakeon to the NLL order.

5.3 Mukhanov-Sasaki equations

Having two mixing scalars, we need to work with vectors and matrices. Let us define

w(η) =
√
k

(

u1

u2

)

, Ξ = α

√

3λ

2

(

0 −1

1 0

)

+

(

O3 O5/2

O5/2 O3

)

,

Σ=α





6 + 22α− 9λ
%

√

3λ
2
(9 + (3− 2%)α)

√

3λ
2
(9 + (3− 2%)α) 3(1− 2%) + (12− 13%)α− 9λ



 +

(

O3 O5/2

O5/2 O3

)

.(5.6)

The Mukhanov-Sasaki action is

SMS =

∫

dηLMS =
1

2

∫

dη

[

w′Tw′ − wTw +
2

η2
wTw +

1

η2
wTΣw +

2

η
wTΞw′

]

, (5.7)

where the superscript T means transpose. The MS equations are

w′′ + w − 2

η2
w =

1

η2
(Σ− Ξ +DΞ)w +

2

η
Ξw′. (5.8)

5.4 RG invariance

To study RG invariance we write

ηw(η) = Q(ln η) + Y (η), (5.9)
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where Q(ln η) is a vector with entries that are power series in ln η, while Y (η) is a vector

with entries that are power series in η and ln η and such that Y (η) → 0 term-by-term for

η → 0. Proceeding as in [22] and above formula (4.19) (but paying attention to the fact

that now we have to deal with matrices and vectors), it is easy to derive the Q equations

DQ = −1

3

1

1− D
3

[(Σ− 3Ξ−DΞ)Q + 2D(ΞQ)] .

As usual, the right-hand side must be expanded in powers of D. Since the beta functions

are O2 to the lowest order, D is O1, while Σ is also O1 and Ξ is O3/2. To the NLL order

we can truncate the equation to

DQ̃ = −1

3
Σ̃Q̃, (5.10)

where

Q̃ =

(

1 +
Σ

9
+

Ξ

3

)

Q, Σ̃ = (Σ− 3Ξ−DΞ)

(

1 +
Σ

9
+

Ξ

3

)−1

.

The solution is

Q̃(ln η) = K(η)Q̃0, (5.11)

where Q̃0 is a constant vector and the kernel K is given by the ordered exponential

K(η) = T exp

(

−1

3

∫ ln η

0

d ln η′Σ̃(η′)

)

≡ 1− 1

3

∫ ln η

0

d ln η′ Σ̃(η′) +
1

9

∫ ln η

0

d ln η′ Σ̃(η′)

∫ ln η′

0

d ln η′′ Σ̃(η′′) + · · · . (5.12)

It is always possible to write Q̃(ln η) as the product K(α, λ)X0 of a matrix K that

depends only on α and λ, times an arbitrary constant vector X0. To prove this statement,

we use the running couplings (2.18) to, say, express λ as a function

λ = fλ(α, λ0) (5.13)

of α and an arbitrary constant λ0. The function fλ is the solution of the first order

differential equation
dfλ
dα

=
βλ(α, fλ)

βα(α, fλ)
.

obtained by inserting (5.13) into βλ(α, λ) = dλ/d ln η, and λ0 is the initial condition. Then,

we can write the differential operator D appearing in (5.10) as

D =
d

d ln η
= βα

∂

∂α
+ βλ

∂

∂λ
= βα(α, fλ)

d

dα
,
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where the total derivative d/dα also acts on the α dependence due to fλ.

Since the initial conditions for the system of differential equations (5.10) are collected

into a constant vector X0 on the right of everything, the solution can be written as the

product K̃(α, λ0)X0 of a matrix K̃(α, λ0) depending on α and λ0 times X0. Inverting

(5.13), λ0 can be expressed as a function of α and λ. This allows us to write K̃(α, λ0) as

a matrix K(α, λ) whose entries are functions of α and λ, as we wished to prove.

At the practical level, we evaluate the solution Q̃ as follows. First, we use the running

couplings of formulas (2.18) to expand Σ and Ξ in powers of αk and λk. This makes the

dependence of ln η explicit and allows us to perform the integrals of (5.12). From (5.11) we

learn that Q̃(ln η) = K(η)Q̃0 = K(α, λ)X0, which implies Q̃0 = K(αk, λk)X0 at ln η = 0.

Since X0 is arbitrary, we can rewrite the result of (5.12) in the factorized form

K(η) = K(α, λ)K−1(αk, λk).

We find

K(α, λ) =





α
(

1 + 13
6
α
)

+O3 −1
%

√

3λ
2
(λ+O2)

√

3λ
2
(α+O2) λ

[

1 + 19−16%
12

α− 3(3−2%)
4%(1−2%)

λ
]

+O3





(

1 0

0 1√
λ

)

.

The further factorization appearing here is introduced to better organize the orders we are

neglecting.

We conclude that the solutions of the Mukhanov-Sasaki equations (5.8) read, in the

superhorizon limit,

w =
√
k

(

u1

u2

)

' 1

η

(

1 +
Σ

9
+

Ξ

3

)−1

K(α, λ)K−1(αk, λk)Q̃0. (5.14)

At this point, what remains to do is compute Q̃0.

5.5 Solution of the Mukhanov-Sasaki equations

To find Q̃0, we go back to equations (5.8) and study them beyond the superhorizon limit.

We need to impose the Bunch-Davies vacuum condition for large momenta k/(aH) � 1.

Equations (5.8) contain a term proportional to w′/η, which turns out to be incompatible

with such a condition. We remedy by switching to new variables $ through the field

redefinition

w = $ + Ξ$ ln η. (5.15)
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The action becomes

SMS =

∫

dηLMS =
1

2

∫

dη

[

$′T
−k
$′

k
−$T

−k
$k +

1

η2
$T

−k
(2 + Σ)$k

]

, (5.16)

plus higher orders, having restored the subscripts k and −k. The momenta are

Π−k = −δLMS

δ$′T
−k

= −$′
k
, (5.17)

the minus sign being due to the fact that the orientation of η (which is equal to −kτ) is

opposite to the orientation of time. We quantize the system by setting

[Π̂k, $̂
T
k′] = −iI(2π)3δ(3)(k− k′), [$̂k, $̂

T
k′] = [Π̂k, Π̂

T
k′ ] = 0, (5.18)

where Π̂k and $̂k are the operators associated with Πk and $k and I is the 2×2 identity

matrix. Then we write

$̂k = P (η)Âk + P ∗(η)Â†
−k
, Π̂k = −P ′(η)Â−k − P ′∗(η)Â†

k
,

where P (η) is an η dependent two-by-two matrix, to be determined, while

Âk =

(

â1k

â2k

)

, Â†
k
=

(

â†1k
â†2k

)

,

are vectors of (η-independent) annihilation and creation operators âik, â
†
ik, satisfying

[Âk, Â
†T
k′ ] = I(2π)3δ(3)(k− k′), [Âk, Â

T
k′] = [Â†

k
, Â†T

k′ ] = 0. (5.19)

Then, (5.18) and (5.19) give

P ′P ∗T − P ∗′PT = iI.

We proceed by expanding

P = P0 + αkP1 + αk

√

λkP2 + α2
kP3 + αkλkP4 +O5/2. (5.20)

where the Pi are matrices of functions of η. We expand (the operatorial versions of) the MS

equations derived from (5.16) and derive the equations solved by each Pi. The solutions

are reported in formula (C.1) of appendix C to the orders we need. It is easy to check that

the Bunch-Davies conditions

P ' eiη√
2
I for η � 1
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are satisfied.

In the superhorizon limit we use the asymptotic behaviors (E.2) and find the operatorial

version of formula (5.14) with ŵk on the left-hand side and

Q̃0 =
i√
2

[

I+
αk

3
(7− 3γ̃M)

(

2 0

0 1− 2%

)

+

(

O2 O3/2

O3/2 O2

)]

(Âk − Â†
−k

) (5.21)

on the right-hand side.

5.6 Perturbation spectra

The matrix RRG of RG invariant perturbations is obtained by multiplying both sides of

equation (5.14) by η times an α, λ-dependent matrix, to remove any dependence on τ in

the superhorizon limit. This leaves us with an expression that just depends on αk and λk,

which reads

RRG =
C

k3/2
K−1(α, λ)

(

1 +
Σ

9
+

Ξ

3

)

ηŵk ' C

k3/2
K−1(αk, λk)Q̃0, (5.22)

where C is a constant matrix. The factor k−3/2 is determined by the behavior of the

curvature perturbations Radiab and Riso of formulas (D.3) in the de Sitter limit.

The matrix C cannot be fixed by RG invariance, but we can arrange it so that one

entry of the matrix RRG matches the curvature perturbation Radiab in the de Sitter limit.

The behaviors of the other entries of RRG do not allow us to match Riso.

Specifically, we choose C proportional to the identity matrix and determine the overall

constant so that the 1-1 entry of the matrix RRG matches Radiab for αk, λk ' 0. Using

(5.21), we find

RRG =

√

πG

6

imφ

k3/2
T









1
αk
R(11)

RG +O1
1

αk%

√

3λk

2
+O1/2

−
√

3
2λk

+O1/2
1
λk
R(22)

RG +O1







 (Âk − Â†
−k

),

where

T =

(

1 0

0
√
λk

)

, R(11)
RG = 1 +

αk

2
(5− 4γ̃M)− 3λk

2%
,

R(22)
RG =1 +

αk

12
(9− 40%)− γ̃Mαk(1− 2%) +

3(1 + 2%)λk
4%(1− 2%)

.

Finally, the matrix P of perturbation spectra is defined from

〈

RRGk(τ)RT
RGk′(τ)

〉

= (2π)3δ(3)(k+ k′)
2π2

k3
P.
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The result is

P =
m2

φG

12π

(

P̃11 P̃12

P̃21 P̃22

)

, (5.23)

where

P̃11 =
1

α2
k

[

1 + αk(5− 4γM) +
3λk(1− 2%)

2%2

]

+O0, P̃12 = P̃21 =

√

3

2

1− %

%αk
+O0,

P̃22 =
1

λk

{

1 + (9− 40%)
αk

6
− 2αkγM(1− 2%) +

3

2
λk

(

1 +
1

%
+

4

1− 2%

)}

+O1. (5.24)

Again, the spectra are manifestly RG invariant. In passing, the results prove that α

and ς =
√
αλ are not the right couplings, since if we used them, we would have negative

powers of αk in the expansion, and not just as overall factors. This shows that it is not

possible to identify the right couplings just from the equations of the background metric

and the background field ϕ.

We conclude by showing that the standard curvature perturbations Radiab and Riso of

formulas (D.3) are not the right physical quantities. They can be worked out from equations

(D.1), (D.2), then (5.1) (which express them in terms of U1 and U2), then (5.4) (which

relate U1 and U2 to u1 and u2), and finally (5.14) and (5.21) (which give w =
√
k (u1, u2)).

We find, to the NLL order,

Radiab =
imφ

k3/2αk

√

πG

6

(

1 +
αk

2
(5− 4γ̃M)− 3

2
λk + 6`(1− %)λk +O2 ,

√

3λk
2

(1− 4`(1− %)) +O3/2

)

(Âk − Â†
−k

),

Riso=− imφ

k3/2αk

√

πG

6
(1 + `+ 2`%)

(

−
√

3λk
2

+O3/2, 1 +O1

)

(Âk − Â†
−k

), (5.25)

up to corrections that contain higher powers αk ln η ≡ `. We recall that ` must be consid-

ered of order unity when we make a log expansion, while it is of order one when we make an

ordinary expansion in powers of αk and λk. The terms proportional to ` of formulas (5.25)

are reported to show that ` does not disappear. This proves that Radiab and Riso are not

RG invariant (i.e., they are not η independent) in the superhorizon limit, differently from

the combinations RRG identified above. For this reason, they are not the correct physical

perturbations. The violation of RG invariance starts from the subleading corrections in

Radiab, but also affects the leading contributions to Riso.
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6 Predictions

In this section we comment on the predictivity of the double-field model. Formula (2.9)

gives, to the leading order,

αk ∼
α∗

1 + 2α∗ ln(k∗/k)
, λk ∼

λ̄

α1−2%
∗

α1−2%
k , (6.1)

where k∗ is some pivot scale and α∗ is the pivot coupling. We see that when αk is small, λk

is generically larger, assuming that the constant λ̄/α1−2%
∗ is of order unity. Then, formulas

(5.24) imply that the leading contribution to the scalar spectrum is given by the 1-1 entry

of the matrix P, while the rest can be treated as a correction. The spectra to the leading

order are

PT '
4m2

φζG

π
(1− 3ζαk), P11 '

m2
φG

12πα2
k

,

while the tilts and the tensor-to-scalar ratio r read

nt ' −6ζα2
k, ns − 1 ' −4αk, r =

PT

P11
'

96α2
km

2
χ

2m2
χ +m2

φ

'
6(ns − 1)2m2

χ

2m2
χ +m2

φ

. (6.2)

Recalling that, by the ABP bound, mχ must lie in the interval mφ/4 < mχ < ∞, we

conclude that r lies the interval

(ns − 1)2

3
. r . 3(ns − 1)2, (6.3)

at least in the perturbative regime that we have identified in this paper. This result

coincides with the one of pure quantum gravity found in [33]. Moreover, in [24] it was

shown that the same prediction holds when, in single-field inflation, the renormalizability

requirement is relaxed and the Starobinsky potential (which is equivalent to the R2 term in

(1.1)) is replaced by any potential of class I (as per the classification of [24], which means a

power series V(e−cφ) in e−cφ, where c is a constant, φ is the inflaton and V(0) 6= 0). These

observations suggest that the prediction (6.3) is a robust prediction of quantum gravity.

The second scalar affects the subleading corrections. If we define ns − 1 from P11, we

find

ns − 1=−βα(αk, λk)
∂ lnP11

∂αk
− βλ(αk, λk)

∂ lnP11

∂λk

'−4αk +
4

3
α2
k(5− 6γM) +

3(1− 2%)

%2
αkλk +O3.

Depending on the value of % = m2/m2
φ, the correction proportional to αkλk can be larger

than the one proportional to α2
k.
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If the constant λ̄/α1−2%
∗ is large enough the analysis just made does not hold and it is

possible to have a dominant contribution from ϕ to the scalar spetrum.

We point out that the conclusions just reached are nontrivial consequences of RG

invariance. To some extent, they are also unexpected. To illustrate this point, let us

assume for the moment that Radiab and Riso are the correct scalar perturbations, as one

would naively do. Then formulas (5.25) show that to the leading order they both behave

like 1/αk. However, Riso has an extra factor 1 + `+ 2`%. If we take Riso in the tensor-to-

scalar ratio r, we obtain

PT ' as above, Piso '
m2

φG

12πα2
k

(1 + `+ 2`%)2, ns − 1 =
d lnPiso

d ln k
' −2(1− 2%)αk

1 + `+ 2`%
,

(6.4)

hence

r ' 48ζα2
k

(1 + `+ 2`%)2
'

24m2
χ(ns − 1)2

(1− 2%)2(2m2
χ +m2

φ)
. (6.5)

With respect to (6.2), r is multiplied by an extra factor 4/(1− 2%)2, which can be as large

as we wish if % is close to its bound (2.8). We conclude that Radiab and Riso do not provide

a meaningful prediction for r with the data available at present.

7 Conclusions

We have shown that there are situations where we can import RG techniques from high-

energy physics into double-field inflation and study it as an asymptotically de Sitter RG

flow in two couplings. This means that there exists a perturbative region where the cosmic

RG flow resembles the one of an asymptotically free quantum field theory.

The tensor perturbations are RG invariant in the superhorizon limit, but the usual

adiabatic and isocurvature perturbations are not, due to the nontrivial mixing between

the scalar fields. Nonetheless, RG invariance allows us to work out the correct curvature

perturbations algorithmically.

We worked out the power spectra of the tensor perturbations to the NNLL order and

the ones of the scalar perturbations to the NLL order. An unexpected consequence of

RG invariance is that, under mild assumptions, the theory remains predictive and the

predictions to the leading order confirm those of pure quantum gravity. This does not

occur if we use the adiabatic and isocurvature perturbations as commonly defined. The

results suggest that, very much like gauge invariance, cosmic RG invariance is a guiding

principle to identify the right physical quantities.
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Referring to the classification of potentials and cosmic RG flows done in ref. [24], the

model studied here describes a combination of a flow of class I (due to the Starobinsky po-

tential) with a flow of class II (due to the powerlike ϕ potential). The asymmetry between

the two scalar perturbations is due to the renormalizability requirement, because there is

no way to combine two flows of class I (or two flows of class II) into a renormalizable theory.

To further appreciate the features of double- and multi-field inflation in simpler setups, it

may be interesting to renounce renormalizability and study symmetric configurations.
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Appendices: reference formulas

In these appendices we collect involved formulas that are referred to in the paper.

A Cosmic RG flow

We start with some formulas used in the formulation of the cosmic RG flow of section 2,

which are the first contributions to the functions v, ϕ and H of expressions (2.12):

v(α, λ)= 1− α + α2

[

−2 − 29α

3
− 638

9
α4 + 3λ

(

1

%
− 2

)

+αλ

(

30

%
− 67 + 16%

)

− 9λ2

%
+ α2O3

]

,

κ̂
√
α√
λ
ϕ(α, λ)=−1

%
+

2α

3
− α

6%
+

3λ

2%2
− α2

3

(

2− 4%

3
− 5

12%

)

+
αλ

%
− 9λ2

4%3

+α2λ

(

8

3
− 11

6%
+

1

8%2

)

+
3αλ2

8%3
(1− 4%)

+
α3

216

(

304− 57

%
− 336%+ 128%2

)

+
27λ3

8%4
+O4, (A.1)

√
6α

mφ
H(α, λ)= 1− α

12
− 3λ

4%
+

19α2

288
− αλ

2

(

1− 3

8%

)

+
27λ2

32%2
− 373α3

3456

+α2λ

(

11

8
− 53

128%
− %

)

+
3αλ2

8%

(

1− 15

16%

)

− 135λ3

128%3
+O4.

34



21
A
2
R
en
or
m

B Tensor spectrum

Here we collect formulas about the spectrum of the tensor perturbations studied in section

4. We start with the coefficients of the de-Sitter diagonalized Lagrangians of formulas (4.4)

and (4.5), which are

q2 =
1

τ 2
− k2

2
+

(

9

2τ 2
+ ξk2

)

ζα2 +

[

3 (32 + 37ξ + 6ξ2)

τ 2
− k2ξ

3
(14− 11ξ)

]

ζ2

4
α3

+

[

27

2τ 2
+ 3k2ξ

(

2− 1

%

)]

ζ

2
α2λ, q4 =

2

ξτ 2
+
k2

2
+

6α

ξτ 2
,

q5 = −(2− 37ξ + 14ξ2) ζα2

4ξτ 2
+ 2k2ξζα2 +

9αλ

2%ξτ 2

−(19− 239ξ − 182ξ2 + 42ξ3) ζ2α3

12ξτ 2
− 1

6
k2 (14− 11ξ) ξζ2α3 (B.1)

+
3 (2(3 + %) + 2 (2%+ 3) ξ + 3 (1− 2%) ξ2) ζα2λ

2%ξτ 2
+ 3k2ξζ

(

2− 1

%

)

α2λ,

q6 = −ζα
2(1− ξ)

3τ

[

6 + 5α + 9

(

2− 1

%

)

λ

]

.

Fakeon projection. The coefficients of the fakeon projection (4.11) read

s1(α, λ)=
ζα

16

[

ζα
(

2− 29ξ + 6ξ2
)

− 18λ

%

]

+
ζ3α3

48
(1 + 132ξ − 303ξ2 + 62ξ3)

+
3ζ2α2λ

8%
(3− 5ξ − ξ2 − %(2 + 3ξ − 2ξ2)) + αO3, (B.2)

s2(α, λ)=−ξ(1− ξ)

2
ζ2α2 +

ξζ3α3

24
(32− 130ξ + 35ξ2)− 3ξζ2α2λ

4%
(2 + ξ − %(1 + 2ξ)) + αO3.

RG invariance. The solution of equation (4.21) is (4.22) with

Jt(α, λ)= 1 +
3ζα

2
+

56 + 61ξ + 12ξ2

16
ζ2α2 +

9

8%
ζαλ

+
(

1544 + 2147ξ + 1052ξ2 + 162ξ3
) ζ3α3

96
(B.3)

− 3

16%

[

13 + 14ξ + 6ξ2 − 6%(6 + 7ξ + 2ξ2)
]

ζ2α2λ+O4.
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The constants ci that parametrize the O4 contributions (4.16) to σt read

c1=277 +
3109

8
ξ +

345

4
ξ2 + 81ζ, c3 =

81

4ζ%
,

c2=− 9

8%

[

112 + 107ξ + 30ξ2 − %(262 + 293ξ + 72ξ2) + 8%2(8 + 10ξ + 3ξ2)
]

. (B.4)

Normalization of the spectrum. The constant Q̃t(αk, λk) of (4.22) is

Q̃t(αk, λk)=
i√
2

[

1 +
3ζα2

k

2
(4 + ξ − 2γ̃M) − ζα3

kπ
2 − 6ζα3

kγ̃
2
M +

3

2
γ̃Mζ

2α3
k(8 + ξ)

+
9

8
ξζ2α3

k(10 + 3ξ) +
9

4
ζα2

kλk

(

4− 2γ̃M + 2ξ − ξ

%

)

+O4

]

. (B.5)

C Scalar spectrum

The solutions of the MS equations derived from (5.16) with the expansion (5.20) are given

by

P0=W0I, P1 =
W2

3

(

2 0

0 1− 2%

)

, P2 =

√

3

2
W2

(

0 1

1 0

)

, P4 = −W2

%

(

1 0

0 %

)

,

P3=
W4

4

(

4 0

0 (1− 2%)2

)

+
1

6

[

1

2
(1− 4%2)W3 +

5 + 18%− 12%2

3
W2

]

(

0 0

0 1

)

. (C.1)

D Adiabatic and isocurvature perturbations

The adiabatic and isocurvature perturbations can be defined by switching to the inflaton

framework through a Weyl transformation combined with a diffeomorphism (see the ap-

pendix of [33] for details). The latter amounts to defining a new cosmological time t̄, to

preserve the structure of the parametrization (3.2) of the metric. We have

gµνdx
µdxν = e2σ ḡµνdx̄

µdx̄ν , e−2σ = 1− Ω0 + Ω

3m2
φ

,
dt̄

dt
= e−σ0 , (D.1)

where the bars are used to denote quantities in the inflaton framework. The space coordi-

nates are not affected by the transformation.

From the transformed action (3.1), we find the scalar fields φi = (σ, ϕ) = (σ0+δσ,Θ0+

Θ) ≡ φi
0+ δφi and the matrix Gij(φ0) = diag(4/κ̂2, e2σ0), defined so that the scalar kinetic
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terms of the new action read

1

2

∫

d4x̄
√
−ḡGij(φ)ḡ

µν∂̄µφ
i∂̄νφ

j.

The formulas of [33] give

Ψ̄ = δσ =
Ω

6m2
φ

e2σ0 . (D.2)

The standard definitions of adiabatic and isocurvature perturbations are [35]

Radiab = Ψ̄ + H̄
Gij(φ0)(∂t̄φ

i
0)δφ

j

Gkl(φ0)(∂t̄φ
k
0)(∂t̄φ

l
0)
, Riso =

Gij(φ0)ψ
i
0(δφ

jH̄ + Ψ̄∂t̄φ
j
0)

√

Gkl(φ0)(∂t̄φ
k
0)(∂t̄φ

l
0)

, (D.3)

where ψi
0 are defined so that Gij(φ0)ψ

i
0ψ

j
0 = 1 and Gij(φ0)ψ

i
0(∂t̄φ

j
0) = 0.

The explicit expressions of Radiab and Riso, which we do not report here, can be worked

out from the formulas just given. We have used them to work out (5.25) and the predictions

(6.4) and (6.5) of section 6.

E Other formulas

The functions

W0=
i(1− iη)

η
√
2

eiη, W2 =
6W0

1− iη
− 3 (iπ − Ei(2iη))W ∗

0 ,

W3=
[

6(ln η + γ̃M)2 + 24iηF 1,1,1
2,2,2 (2iη) + π2

]

W ∗
0 +

24W0

1− iη
− 4(ln η + 1)W2, (E.1)

W4=− 16W0

1 + η2
+

2(13 + iη)W2

9(1 + iη)
+
W3

3
+ 4G3,1

2,3

(

−2iη
∣

∣

0,1
0,0,0

)

W0,

introduced in [23] appear frequently and can be used to express the solutions of the

Mukhanov-Sasaki equations to the lowest orders. Ei denotes the exponential-integral func-

tion, F
a1,··· ,ap
b1,··· ,bq (z) the generalized hypergeometric function pFq({a1, · · · , ap}, {b1, · · · , bq}; z)

and Gm,n
p,q the Meijer G function.

The asymptotic behaviors in the superhorizon limit η ' 0 are

ηW2'
3i√
2
(2− γ̃M − ln η) , ηW4 ' −8i

√
2 +

26

9
ηW2 +

ηW3

3
+ i

√
2(ln η + γ̃M)2 +

iπ2

√
2
,

ηW3'−3i
√
2(ln η + γ̃M)2 − iπ2

√
2
+ 12i

√
2− 4(ln η + 1)ηW2. (E.2)
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We quantize (4.14) as usual, by introducing the operator

ŵk(η) = wk(η)âk + w∗
−k

(η)â†−k
,

where â†
k
and âk are creation and annihilation operators satisfying [âk, â

†
k′] = (2π)3δ(3)(k−

k′), [âk, âk′] = [â†
k
, â†

k′] = 0, so that

〈wk(η)wk′(η)〉 = (2π)3δ(3)(k+ k′)|wk|2.

Summing over the graviton polarizations u and v, the power spectrum PT of the tensor

perturbations is defined by the two-point function

〈ûk(τ)ûk′(τ)〉 = (2π)3δ(3)(k+ k′)
π2

8k3
PT , PT =

8k3

π2
|uk|2, (E.3)

For convenience, we recall some notations frequently used in the paper, which are

% =
m2

m2
φ

, ξ =
m2

φ

m2
χ

, ζ =

(

1 +
ξ

2

)−1

, γ̃M = γM − iπ

2
, γM = γE + ln 2,

γE being the Euler-Mascheroni constant.
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