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Abstract

We formulate quantum field theories of massive fields of arbitrary spins. The presence

of both physical and fake particles, organized into multiplets, makes it possible to fulfill

the requirements of locality, unitarity and renormalizability at the same time. The theories

admit cubic and quartic self-interactions and can be coupled to quantum gravity and gauge

fields. The simplest irreducible bosonic and fermionic multiplets are made of towers of

alternating physical and fake particles. Their mass spectrum is constrained by RG invariant

relations and depends on just one or two masses. The fixed points of the renormalization-

group flow are scale invariant, but not necessarily conformal invariant. The Palatini version

of quantum gravity with fakeons is equivalent to the non-Palatini one coupled to a peculiar

multiplet of order 3. As a consequence, it is equally renormalizable and unitary.
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1 Introduction

Massive vectors, spin 2 particles and spin 3/2 particles are described by the Proca, Pauli-

Fierz and Rarita-Schwinger theories [1, 2, 3], respectively, which are unitary at the free-field

level, but not renormalizable once interactions are turned on. In addition, the Pauli-

Fierz mass term is known to create pathologies [4] on nontrivial backgrounds and when

nonlinearities are taken into account, due to the Boulware-Deser ghost [5]. Proposals to

deal with this issue have been put forward, such as the de Rham-Gabadadze-Tolley model

[6], the compactification of five-dimensional theories [7] and the theories of bimetric gravity

[8]. However, these approaches do not address the renormalizability issue, so the problem

of embedding the Proca, Pauli-Fierz and Rarita-Schwinger fields into a renormalizable,

unitary framework has remained essentially open, so far.

In this paper, we offer a solution by means of purely virtual particles [11]. The key

concept, inspired by the theory of quantum gravity formulated in [9], is the idea of “fakeon”

[10], that is to say, a fake particle that mediates interactions, but does not belong to

the spectrum of asymptotic states. It is introduced by means of a novel quantization

prescription for the poles of the free propagators, alternative to the Feynman iε one. Once

the fake degrees of freedom are projected away, they are not resuscitated back by the

radiative corrections. This makes the prescription/projection consistent with unitarity to

all orders [10]. Quantum gravity is described by a triplet made of the graviton, a massive

scalar and a massive spin 2 fakeon.

The easiest way to make calculations with the fakeon prescription is to start from

the Euclidean framework and perform the Wick rotation in a new way. Specifically, the

Wick rotation is completed as usual (that is to say analytically by means of the Feynman

prescription) in the Euclidean region and below the production thresholds that do not

involve fakeons. Above the thresholds that involve fakeons it is completed nonanalytically

by means of the average continuation [12, 10], which is the arithmetic average of the two

analytic continuations (the Feynman one and its conjugate). A recent account of how

this works, with calculations and comparison with alternative concepts, in particular a

suggestion [13] based on the Feynman-Wheeler absorber-emitter theory [14], can be found

in ref. [11]. For the proofs to all orders the reader is referred to ref. [10]. The good news are

that the calculations of Feynman diagrams with the fakeon prescription in quantum gravity

[15, 16] are no harder than analogous calculations in the standard model. Moreover, once

the procedure is extended to curved backgrounds, the theory makes precise predictions

on the power spectra of inflationary cosmology [17], which will be tested as soon as new

cosmological data become available [18].
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The fakeon prescription works irrespective of the sign of the residue at the pole, under

the (no-tachyon) condition that the squared mass have a positive real part. It can be

used to eliminate the ghosts at the fundamental level, but it cannot be used to eliminate

tachyons. Physical particles can also be turned into fake ones.

In this paper, we make sense of massive particles of arbitrary spins by embedding

them into multiplets made of physical and fake particles, organized in a way that makes

the nonrenormalizable behaviors mutually cancel out. The simplest irreducible bosonic

multiplets are described by traceless, symmetric tensors χµ1···µs of order s. They contain

physical particles of spins s, s−2, . . ., alternating with fakeons of spins s−1, s−3, . . .. Their

mass spectrum is uniquely determined by the first two masses. The relations among the

masses are renormalization-group (RG) invariant. The simplest fermionic multiplets are

described by completely symmetric spinors ψµ1···µs that satisfy γρψρµ2···µs = 0. They have

a similar alternating structure made of physical and fake particles. Their mass spectrum

is determined by a unique mass. Multiplets with more involved structures exist – the

possibilities being numerous – and nontrivial mixings among multiplets are allowed.

The multiplets admit renormalizable interactions similar to the ones we are accustomed

to. In four dimensions, the bosonic vertices are quartic and nonderivative, or cubic with

at most one derivative. The interactions between bosons and fermions are of the Yukawa

type. The multiplets can be coupled to quantum gravity and gauge fields in the usual ways.

In the paper, we study a number of examples, compute the beta functions and check the

optical theorem at one loop.

Moreover, we show that the fixed points of the RG flow have unexpected features.

They are scale invariant, but generically not conformal invariant. With the help of large

N expansions we build some examples and address the construction of others.

As an application, we study the Palatini version of quantum gravity with fakeons and

show that it is nothing but the non-Palatini one coupled to a peculiar (reducible) multiplet

of order 3. For this reason, it is equally renormalizable and unitary, once the parameters

fulfill the no-tachyon condition.

A recent analysis of the conditions under which the order-3 tensor just mentioned

propagates only physical particles has been done by Percacci and Sezgin in [19]. Due to

the absence of fakeons, their models are not renormalizable when interactions are switched

on.

It may be interesting to inquire whether fakeons can be helpful in the context of inter-

acting higher-spin gauge fields. Equations of motion for such fields have been proposed by

Vasiliev [20] (but lack a satisfactory Lagrangian formulation [21]) and a light-front theory

has been developed by Ponomarev and Skvortsov [22]. At present we cannot answer in
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the affirmative, since fake particles should stay massive, and possibly heavy, in realistic

models. The reason is that they trigger violations of microcausality [23] at energies larger

than their masses, so a massless fakeon would be responsible for the violation of causality

at all energies. Nevertheless, we do discuss some properties of the massless limits when we

talk about RG fixed points.

Unless stated otherwise, we work in four spacetime dimensions. The generalization to

other dimensions is straightforward.

The paper is organized as follows. In section 2 we discuss the simplest irreducible

bosonic multiplets at the free-field level, while section 3 is devoted to the fermionic multi-

plets. Section 4 contains a number of examples and the discussion of reducible multiplets.

In section 5 we investigate the renormalizable interactions. We study a simple quartic

model at one loop, compute its beta functions and check that the absorptive parts satisfy

the optical theorem. In sections 6 we study the fixed points of the RG flow. In section 7

we study the Palatini version of quantum gravity with fakeons and in section 8 we discuss

the Palatini multiplet. Section 9 contains the conclusions.

2 Bosonic multiplets

In this section we study the bosonic multiplets, starting from the order-1 field χµ. The

unique two-derivative local Lagrangian we can write for it is

L1 = −1

2

[

(∂ρχµ)(∂
ρχµ) + a1(∂

νχν)(∂ρχ
ρ)−m2

1χµχ
µ
]

, (2.1)

up to total derivatives. Defininig the spin 1 projector

πµν = ηµν −
pµpν
p2

, (2.2)

the propagator

〈χµ(p)χν(−p)〉 = − iπµν
p2 −m2

1 + iε
− m2

0

m2
1

pµpν
p2

i

p2 −m2
0

∣

∣

∣

∣

f

(2.3)

has a spin-1 pole of mass m1 and a spin-0 pole of squared mass

m2
0 =

m2
1

1 + a1
. (2.4)

The no-tachyon condition gives a1 > −1. When it holds, the pole at p2 = m2
1 has a

residue with the correct sign for a physical particle, while the pole at p2 = m2
0 has a residue

with the wrong sign. This means that the spin-0 particle must be quantized as a fakeon,
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while the spin-1 particle can be quantized as a physical particle or a fakeon. Throughout

this paper we choose to maximize the number of physical particles, but it is understood

that the fakeon prescription can be adopted to turn any subset of them into fake particles.

If the overall sign of (2.1) is flipped, the roles of the two poles are exchanged and we

obtain a multiplet made of a fake vector and a physical scalar. From now on, we choose

the overall sign so that the particle of highest spin is physical, unless stated otherwise. The

prescriptions of formula (2.3) conform to the convention just stated, so the spin-1 pole is

treated by means of the Feynman iε prescription, while the scalar pole is treated by means

of the fakeon prescription, denoted by the subscript “f”.

The propagator (2.3) has the right behavior at large p2 to ensure renormalizability.

The projectors (2.2) and pµpν/p
2 introduce spurious poles at p2 = 0, which cancel out in

the sum. The prescriptions of (2.3) refer to the poles at p2 = m2
1 and p2 = m2

0, while the

spurious p2 = 0 poles can be prescribed the way we like, as long as use the same convention

for all of them. For definiteness, here and below we understand that the p2 = 0 poles are

defined by means of the Feynman prescription p2 → p2 + iε. It is possible to rewrite the

propagator (2.3) in the form

〈χµ(p)χν(−p)〉 = − i

p2 −m2
1 + iε

(

ηµν −
pµpν
m2

1

)

− pµpν
m2

1

i

p2 −m2
0

∣

∣

∣

∣

f

, (2.5)

where its regularity for p2 → 0 becomes evident, but it is no longer evident that the

behavior for large p2 is the right one for renormalizability.

Note that the two-point function of the χµ divergence, which is

〈∂µχµ(p)∂νχν(−p)〉 = −m
2
0p

2

m2
1

i

p2 −m2
0

∣

∣

∣

∣

f

,

gets rid of the vector and highlights the scalar. The Proca theory is obtained by letting

m2
0 tend to infinity, i.e., studying the limit a1 → −1+.

Summarizing, with the conventions stated above the massive vector χµ describes a

multiplet made of a spin-1 physical particle and a spin-0 fakeon.

The second example we consider is the spin 2 multiplet. Let χµν denote a symmetric,

traceless tensor. Up to total derivatives, its unique Lagrangian is

L2 =
1

2

[

(∂ρχµν)(∂
ρχµν) + a2(∂

νχµν)(∂ρχ
ρµ)−m2

2χµνχ
µν
]

. (2.6)

The propagator

〈χµν(p)χρσ(−p)〉 =
i
∏(2)

µν,ρσ(p)

p2 −m2
2 + iε

− m2
1

2m2
2

i
∏(1)

µν,ρσ(p)

p2 −m2
1

∣

∣

∣

∣

∣

f

+
3m2

0

4m2
2

i
∏(0)

µν,ρσ(p)

p2 −m2
0 + iε

(2.7)
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has a spin-2 pole of mass m2, plus a spin-1 pole and a spin-0 pole of squared masses

m2
1 =

2m2
2

2 + a2
, m2

0 =
4m2

2

4 + 3a2
, (2.8)

respectively. The residues at the poles involve the tensors

∏(2)

µν,ρσ
(p)=

1

2

(

πµρπνσ + πµσπνρ −
2

3
πµνπρσ

)

,
∏(0)

µν,ρσ
(p) = π̃µν π̃ρσ,

∏(1)

µν,ρσ
(p)=− 1

p2
(pµpρπνσ + pµpσπνρ + pνpρπµσ + pνpσπµρ),

where

π̃µν =
4

3

(

pµpν
p2

− ηµν
4

)

.

Again, the propagator (2.7) has no pole for p2 = 0. The fakeon prescription in (2.7)

just refers to the p2 = m2
1 pole, while it is understood that the spurious poles at p2 = 0

are defined by means of the Feynman prescription. It is possible to rewrite (2.7) as

〈χµν(p)χρσ(−p)〉 =
i
∏(2)

µν,ρσ(p)
∣

∣

∣

p2→m2
2

p2 −m2
2 + iε

− m2
1

2m2
2

i
∏(1)

µν,ρσ(p)
∣

∣

∣

p2→m2
1

p2 −m2
1

∣

∣

∣

∣

∣

∣

∣

f

+
3m2

0

4m2
2

i
∏(0)

µν,ρσ(p)
∣

∣

∣

p2→m2
0

p2 −m2
0 + iε

,

(2.9)

where the p2 = 0 poles are manifestly gone, but renormalizability is no longer evident. It

is understood that the replacements p2 → m2
i of (2.9) are formal, i.e. they act only on the

denominators, but do not constrain the components pµ.

From (2.8) we read the no-tachyon condition, which is a2 > −4/3. The three masses

of the multiplet are related to one another, because they depend on just two parameters.

Their relation,
1

m2
2

− 3

m2
1

+
2

m2
0

= 0, (2.10)

is renormalization-group invariant, so when (renormalizable) interactions are switched on

(see section 5) formula (2.10) continues to hold with the masses replaced by the running

ones. RG invariant relations among parameters are usually due to nonanomalous symme-

tries. The remarkable feature of relations like (2.10) is that they are mere consequences of

power counting.

We can highlight the particles of lower spins from the two-point functions of multiple

divergences:

Res[〈∂νχµν(p)∂σχρσ(−p)〉]p2=m2
1
=
im4

1

2m2
2

πµρ|p2=m2
1

,

Res[〈∂µ∂νχµν(p)∂ρ∂σχρσ(−p)〉]p2=m2
0
=

3im6
0

4m2
2

.
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With the overall sign of (2.6) the spin-1 particle is a fakeon, while the spin-2 and spin-0

particles can be physical. The prescriptions of (2.7) were chosen in anticipation of this.

We cannot obtain the Pauli-Fierz theory as a limit of this case, since we are using a

traceless tensor χµν . We will be able to obtain it in section 4.

Summarizing, the order-2 massive field χµν describes a multiplet made of a spin-2

particle, a spin-1 fakeon and a spin-0 particle.

2.1 Arbitrary spin

Now we move to the case of arbitrary spin s. Let χµ1···µs denote a traceless, completely

symmetric tensor of order s. The most general two-derivative quadratic Lagrangian we

can build for χµ1···µs in flat space is

Ls =
(−1)s

2

[

(∂µχµ1···µs)(∂
µχµ1···µs) + as(∂

µχµµ2···µs)(∂νχ
νµ2···µs)−m2

sχµ1···µsχ
µ1···µs

]

,

(2.11)

up to total derivatives. We find the propagator

〈χµ1···µs(p)χν1···νs(−p)〉 =
s
∑

n=0

i(−1)s−nrsn
p2 −m2

sn

∣

∣

∣

∣

σsn

∏(s,n)

µ1···µs,ν1···νs
(p), (2.12)

with the mass spectrum

m2
sn = m2

sλsn, λsn =
[

1 +
as
2s2

(s− n)(s+ n+ 1)
]−1

, (2.13)

and the coefficients

rsn = λsn
n!(s− n)!(s+ n + 1)!

2s(s!)2(2n+ 1)!!
. (2.14)

The subscript σsn denotes the quantization prescription. Anticipating the results we are

going to find, χµ1···µs describes a multiplet made of alternating physical particles and

fakeons of spins s, s− 1, . . . 0. Specifically, σsn stands for the Feynman iε prescription for

n = s, s− 2, etc., while it stands for the fakeon prescription for n = s− 1, s− 3, etc.

The tensor
∏(s,n)

µ1···µs,ν1···νs
(p) is dimensionless, built only with ηµν and pµ, and uniquely

determined by the following properties:

(i) it is completely symmetric and traceless in each s-tuple µ1 · · ·µs and ν1 · · · νs;
(ii) it is symmetric under the exchange of the two s-tuples;

(iii) it is “(s− n+ 1)-transverse”, i.e. it vanishes if contracted with pµ1 · · · pµs−n+1
;

(iv) it contains at most n tensors ηµν with indices of both s-tuples;

(v) finally, it is normalized so that

∏(s,n)

i1···in0···0,j1···jn0···0
(p) = I

(3)
i1···in,j1···jn

(2.15)
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in the rest frame pµ = (p0, 0, 0, 0), where i1 · · · in and j1 · · · jn are space indices and

I
(3)
i1···in,j1···jn

is the identity operator for order-n symmetric, traceless tensors in three space

dimensions, built with the Kronecker delta δij.

Let us see how to build these tensors more explicitly. If we take I
(3)
i1···is,j1···js

and replace

every tensor δij with πµν (paying attention to the relabeling of the indices), the result,

which is clearly traceless and transverse, coincides with (−1)s
∏(s,s)

µ1···µs,ν1···νs
(p), so it satisfies

(2.15). From it, we can build the tensor

∏(s,s−1)

µ1···µs,ν1···νs
=
s2

p2
p{µs

∏(s−1,s−1)

µ1···µs−1},{ν1···νs−1

pνs}, (2.16)

which is manifestly 2-transverse and traceless in each s-tuple (complete symmetrization

over indices between curly brackets being understood). Moreover, it is normalized so as to

satisfy (2.15). Next, we have

∏(s,s−2)

µ1···µs,ν1···νs
=
s2(s− 1)2

4
π̃{µs−1µs

∏(s−2,s−2)

µ1···µs−2},{ν1···νs−2

π̃νs−1νs}, (2.17)

where now

π̃µν =
2s

2s− 1

(

pµpν
p2

− ηµν
2s

)

. (2.18)

Again, (2.17) is traceless and 3-transverse, and satisfies (2.15). The other tensors can be

worked out similarly. Specifically, we find

∏(s,n)

µ1···µs,ν1···νs
=

(

s

n

)2

π̃{µn+1···µs

∏(n,n)

µ1···µn},{ν1···νn
π̃νn+1···νs}, (2.19)

where π̃µn+1···µs is a tensor built with ηµν and pµ, completely symmetric and normalized

so that π̃0···0 = 1. It is proportional to pµn+1
· · · pµs plus terms obtained by replacing pairs

of momenta pµpν with ηµνp
2, multiplied by relative coefficients arranged to make (2.19)

traceless in the each s-tuple.

The particle of spin n can be isolated from the rest by taking s − n divergences and

the appropriate residue:

Res[〈∂µs−n+1 · · ·∂µsχµ1···µs(p)∂νs−n+1 · · ·∂νsχν1···νs(−p)〉]p2=m2
sn

=

= i(−1)s−nrsnm
2(s−n)
sn

∏(n,n)

µ1···µn,ν1···νn
(p)

∣

∣

∣

∣

p2=m2
sn

. (2.20)

A way to determine the coefficients of (2.12) is to require that the singularities for

p2 → 0 (with pµ nonvanishing) mutually cancel. Indeed, the Lagrangian (2.11) implies

that when the squared mass m2
s is large we must have

〈χµ1···µs(p)χν1···νs(−p)〉 ∼
i(−1)s+1

m2
s

Iµ1···µsν1···νs,

8
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where Iµ1···µsν1···νs is the identity operator for order-s symmetric traceless tensors (in four

dimensions), built with ηµν . Moreover, the expansion in powers of pµ/ms is regular.

To make sense of Ls as a theory of physical particles and fakeons, we must require that

the propagator (2.12) contain no tachyonic poles, i.e., λsn > 0 for every n = 0, . . . , s. This

means

as > − 2s

s+ 1
≡ ās, (2.21)

which we will assume henceforth. If as < 0 (as > 0) the particle of highest spin is also the

least (most) massive one and the masses increase (decrease) when the spin increases.

The factor (−1)s−n that appears in (2.12) and (2.20) shows that the multiplet is made

of alternating physical particles and fakeons of spins s, s−1, etc. Precisely, the particles of

spins s, s− 2, s− 4, etc., can be quantized as physical particles by means of the Feynman

iε prescription, while the particles of spins s − 1, s− 3, s− 5, etc., must be quantized as

fakeons.

Formula (2.12) shows that the propagator falls off as 1/p2 for large |p2| and generic

values of as, which is the right behavior for renormalizability. The locality of counterterms

can be proved in the usual fashion (starting in Euclidean space and performing the Wick

rotation either analytically or by means of the average continuation [10]). The terms

behaving in a nonrenormalizable way, typical of the Proca and Pauli-Fierz propagators,

mutually cancel among the particles of the multiplet.

The RG invariant relations among the squared masses m2
sn = m2

sλsn are

(s− n− 1)(s+ n)

m2
s

− (s− n)(s+ n+ 1)

m2
s,s−1

+
2s

m2
sn

= 0, n = 0, . . . , s. (2.22)

An alternative form of the propagator (2.12) is obtained by formally replacing p2 with

m2
sn inside each

∏(s,n)
µ1···µs,ν1···νs

(p). Then the regularity for p2 → 0 becomes apparent, but it is

no longer evident that the behavior for large momenta is the right one for renormalizability.

With the help of Mathematica, we have studied the multiplets of orders 3, 4 and 5 and

explicitly verified that their propagators agree with (2.12) and subsequent formulas.

3 Fermionic multiplets

In this section we study the simplest fermionic multiplets. Consider a spinor ψµ1···µs that

is completely symmetric in µ1 · · ·µs and satisfies

γρψρµ2···µs = 0. (3.1)

9
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Due to this condition, ψµ1···µs is automatically traceless in its spacetime indices, as can be

proved by contracting it with two γ matrices.

The unique one-derivative local Lagrangian we can build for ψµ1···µs is

Ls+1/2 = (−1)sψ̄µ1···µs (iγ
ρ∂ρ −ms)ψ

µ1···µs , (3.2)

up to total derivatives, since every other term vanishes due to (3.1).

It is useful to introduce the projector for the condition (3.1) [24]. Assuming that Ψµ1···µs

does not satisfy (3.1), then

Ψ̃µ1···µs ≡ Ψµ1···µs − 1

2(s+ 1)

s
∑

i=1

γµiγαΨ
µ1···µi−1αµi+1···µs

does. With the help of this, we can easily derive the field equations of (3.2), which read

iγρ∂ρψ
µ1···µs − i

s+ 1

s
∑

i=1

γµi∂αψ
µ1···µi−1αµi+1···µs −msψ

µ1···µs = 0.

Contracting with ∂µ1 · · ·∂µs−n
, we find the RG invariant mass spectrum

msn =
s+ 1

n+ 1
ms, n = 0, 1, . . . s. (3.3)

The propagators exhibit features similar to the ones of the bosonic multiplets of the

previous section. In particular, the residues at the poles with n = odd have the same

relative signs, which are opposite to the signs of the residues at the poles with n = even.

With the overall sign of (3.2), the poles with n = s, s−2, etc., can be quantized as physical

particles by means of the Feynman prescription, while the poles with n = s−1, s−3, etc.,

must be quantized as fakeons. The roles of the two subsets of poles are exchanged if the

overall sign of (3.2) is flipped.

In the limit of vanishing masses we get the higher-spin conformal fermionic fields of ref.

[24]. In section 6 we discuss scale invariant and conformal field theories in detail.

As an example, consider the spin 3/2 multiplet. It propagates a massive particle of

spin 3/2 and a massive fakeon of spin 1/2. The Lagrangian

L3/2 = −ψ̄µ (iγρ∂ρ −m)ψµ (3.4)

gives the propagator

〈ψµ(p)ψ̄ν(−p)〉=− i

p2 −m2 + iε
Pµρ

[

(γαpα +m)ηρσ − 2

3

pρpσ

p2
(γαpα + 2m)

]

Pσν

−8

3

i

p2 − 4m2

∣

∣

∣

∣

f

Pµρ
pρpσ

p2
(γαpα + 2m)Pσν , (3.5)

10
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where

Pµν = ηµν −
1

4
γµγν

is the “projector” for the condition (3.1) [PµρP
ρ
ν = Pµν , (Pµν)

† = γ0Pµνγ
0]. As always,

the p2 = 0 poles of (3.5) are spurious. The spin 1/2 particle can be isolated by evaluating

the two-point function of the divergence:

〈∂µψµ(p)∂νψ̄ν(−p)〉 = −3ip2

2

γαpα + 2m

p2 − 4m2

∣

∣

∣

∣

f

. (3.6)

We see that the sign of its residue is opposite to the one of a common Dirac particle.

Note that it is not possible to obtain the Rarita-Schwinger theory as a limit of this

model, since the masses of the two particles are related, which prevents us from sending the

fakeon mass to infinity while keeping the other mass finite. We will describe how to retrieve

the Rarita-Schwinger theory in the next section. Letting aside the fakeon prescription for

the spin 1/2 particle, a model related to (3.4) was considered by Haberzettl in [25] in the

context of nuclear resonances.

We have also checked the spin 5/2 multiplet, which is made of a physical spin 5/2

particle of mass m, a spin 3/2 fakeon of mass 3m/2 and a physical spin 1/2 particle of

mass 3m.

4 Further examples

In this section we discuss other examples, starting from the antisymmetric tensor Aµν ,

which describes a particle and a fakeon, both of spin 1. The Lagrangian is

LA =
1

2
(∂µAνρ)(∂

µAνρ) +
b

2
(∂µAµρ)(∂νA

νρ)− m2

2
AµνA

µν , (4.1)

with propagator

〈Aµν(p)Aρσ(−p)〉 =
i(πµρπνσ − πµσπνρ)

2(p2 −m2 + iε)
+
i(pµpρηνσ − pµpσηνρ − pνpρηµσ + pνpσηµρ)

(2 + b)p2(p2 − m̄2)

∣

∣

∣

∣

f

,

(4.2)

where

m̄2 =
2m2

2 + b
.

The no-tachyon condition is b > −2, which implies that the two poles have residues of

opposite signs, so one of them is a fake degree of freedom. In (4.2) the pole of mass m is

a physical particle, while the other pole describes a fakeon.
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Completely antisymmetric tensors with three and four indices, Aµνρ and Aµνρσ, can be

converted to a vector and a scalar, respectively, by means of Hodge dualization, that is to

say, by contracting them with εµνρσ.

We can also study bosonic tensors and fermionic tensors with assorted symmetry prop-

erties. The variety is huge, but at least one of them, the most general bosonic tensor

Ωµνρ of order 3, is worth of interest, since it allows us to describe the Palatini version of

quantum gravity with fakeons. For this reason, we postpone its analysis to section 8.

Particles with the same spin belonging to different irreducible multiplets can mix in

nontrivial ways. For example, a traceful symmetric tensor χ̃µν gives a reducible multiplet

containing a spin 2 particle, a spin 1 fakeon and two mixing scalar particles. Splitting χ̃µν

into its traceless part χµν and its trace χ, the Lagrangian is

L̃2=
1

2
[(∂ρχµν)(∂

ρχµν)± (∂µχ)(∂
µχ) + a2(∂

νχµν)(∂ρχ
ρµ)

+ a′2(∂
νχµν)(∂

µχ)−m2(χµνχ
µν + a′′2χ

2)
]

. (4.3)

We have fixed the overall sign to keep the spin 2 particle physical. The term (∂µχ)(∂
µχ)

is normalized apart from its sign.

Working out the propagator, it is possible to check that the spin 2 particle is physical

and has squared mass m2, while the spin 1 particle is fake and has squared mass 2m2/(2+

a2), the no-tachyon condition being a2 > −2. The scalar poles solve an equation of the

form P2(p
2) = 0, where P2 is a polynomial of degree two. The solutions m2

i , i = 1, 2,

may be real or complex. The no-tachyon condition becomes the requirement that m2
i have

positive real parts. If the squared masses m2
i are complex, they describe the so-called thick

fakeons, which are fakeons with nontrivial widths at the fundamental level (which means:

in the free-field limit, before including radiative corrections such as the self energies). The

thick fakeons are also the fake particles that appear in the (reformulated) Lee-Wick models

(see [12, 23]). If the squared masses m2
i are real, we may have two physical scalars, two

fake scalars or one and one, depending on the region in the space of parameters a2, a
′
2, a

′′
2.

We can obtain the Pauli-Fierz action (with an unusual normalization of the trace) as

a limit of (4.3) for a2 → −2, a′2 → 2
√

2/3, a′′2 → −2, choosing the minus sign in front of

(∂µχ)(∂
µχ). The spin 1 fakeon and the scalar particles become infinitely massive in such a

limit. Moreover, the behavior of the propagator for large |p2| becomes incompatible with

renormalizability.

If the spin 2 particle were not embedded in the multiplet χ̃µν , a mass term different from

the Pauli-Fierz one (a′′2 6= −2) would create problems. The reason why such problems do

not show up here is that the slot of the would-be Boulware-Deser ghost is already occupied

by a fake degree of freedom and properly treated by means of the fakeon prescription.
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Examples of mixing kinetic terms for multiplets of different spins are

ψ̄µµ2···µs∂
µψµ2···µs , χ′

µµ2···µs
∂µχµ2···µs , χ′

µνµ3···µs
∂µ∂νχµ3···µs.

The Rarita-Schwinger theory can be obtained as follows. Consider the spin 3/2 multi-

plet of (3.4) and mix it with a Dirac spin 1/2 particle ψ. This gives a theory that describes

one spin 3/2 particle and (generically) two spin 1/2 fakeons. Enough new parameters are

introduced (through the coefficients of ψ̄ψ, ψ̄∂µψµ and ψ̄µ∂
µψ) to untie the masses. At

that point, we can let the masses of both fakeons tend to infinity and keep the mass of the

spin 3/2 particle finite at the same time. Again, renormalizability is lost in the limit.

5 Interacting theories

In this section we study the interactions, under the constraints of locality, renormalizability

and unitarity. Since the quadratic parts of the Lagrangians met so far have two derivatives

in the case of bosons and one in the case of fermions, the dimensions of the fields in units

of mass are the usual ones (1 for bosons, 3/2 for fermions). The vertices may contain: four

bosons without derivatives; three bosons with one derivative at most; two fermions and

one boson without derivatives. We check renormalizability and unitarity in a relatively

simple model by computing the renormalization constants and the absorptive parts at one

loop.

5.1 The χ4

µν
theory

The most general interacting theory of a traceless order-2 multiplet χµν is described by

the Lagrangian

Lint
2 = L2 −

λ

4!
χµνχ

νρχρσχ
σµ − λ′

4!
(χµνχ

µν)2, (5.1)

where L2 is given in (2.6) and λ, λ′ are the coupling constants. The model can be renor-

malized by means of a wave-function renormalization constant (χµν → Z
1/2
χ χµν), a mass

renormalization (m2
2 → m2

2Zm), plus renormalizations of the parameters (λ → λ + δλ,

λ′ → λ′ + δλ′, a2 → a2 + δa2).

Using the propagator (2.7), it is straightforward to compute these quantities at one

loop. As in the scalar ϕ4 theory, Zχ is uncorrected and so is a2. Instead, Zm is corrected

by the tadpole diagram. We find

Zm = 1 +
15a42 + 100a32 + 288a22 + 384a2 + 192

576π2ε (3a22 + 10a2 + 8) 2
(19λ+ 44λ′) ,
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where ε = 4 − D and D is the continued dimension of the dimensional regularization.

In passing, this result confirms that the relation (2.10) among the masses of the three

particles that belong to the multiplet is RG invariant, since all of them have the same

renormalization constant.

We see that the dependence on a2 is rather nontrivial, the reason being that we are

treating this parameter exactly. Although we have computed δλ and δλ′ for generic a2, we

report the results only to the first order in a2 around a2 = 0:

δλ =
λ(λ+ 3λ′)

12π2ε

(

1− a2
2

)

+O(a22), δλ′ =
33λ2 + 152λλ′ + 272λ′2

768π2ε

(

1− a2
2

)

+O(a22).

The one-loop beta functions are βλ = εδλ, βλ′ = εδλ′, βa2 = 0.

Unitarity can be studied by evaluating the absorptive parts of the diagrams. We follow

the technique developed in refs. [15, 16], which allows us to disentangle the contributions

of the physical particles from those of the fakeons in an efficient way. For this purpose,

it is convenient to reorganize the propagator in the form (2.9), to eliminate the spurious

poles at p2 = 0.

The bubble diagram

〉©〈 (5.2)

can be decomposed as the sum of nine contributions, which we denote by Bjk, where the

indices j, k = 2, 1, 0 refer to the poles of the propagators of the internal legs, decomposed

as in (2.9). Each Bjk has branch cuts above the threshold p2 = (mj + mk)
2, where pµ

denotes the external momentum.

The calculation is divided in three steps. First, we switch to the Euclidean framework,

where we make use of Feynman parameters and integrate on the loop momentum. Second,

we perform the Wick rotation to Minkowski spacetime, concentrating on the region located

below the thresholds, which is the region where the external momentum pµ satisfies p2 6

(mj + mk)
2 for every j and k. Once we subtract the divergent part and take the limit

D → 4, we find

Bjk = −i
∫ 1

0

dx
{

Qjk(p, x) ln
[

m2
j (1− x) +m2

kx− p2x(1 − x)
]

+Q′
jk(p, x)

}

, (5.3)

where Qjk(p, x) and Q
′
jk(p, x) are certain real polynomials of x and pµ.

Third, we overcome the thresholds as follows. In the cases B22, B20, B02 and B00,

where no fakeon is involved, we complete the Wick rotation analytically by means of the

Feynman prescription. The result we obtain is (5.3) with the replacement p2 → p2 + iε.

The absorptive part is

2Im[(−i)Bjk] = 2π

∫ 1

0

dxQjk(p, x)θ(p
2x(1 − x)−m2

j(1− x)−m2
kx). (5.4)
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In the cases B21, B12, B11, B10 and B01, where one or two circulating fakeons are present,

we complete the Wick rotation nonanalytically by means of the average continuation, which

is the arithmetic average of the two analytic continuations p2 → p2± iε. As a consequence,

the absorptive parts vanish.

The optical theorem [26, 27] can be expressed diagrammatically by means of the identity

2Im

[

(−i)〉©〈
]

= 〉©〈/ =
∑

f

∫

dΠf

∣

∣

∣

∣

〉<
∣

∣

∣

∣

2

, (5.5)

where the sum is over the physical final states f , while the integral is performed on their

phase space Πf . The states f involved here are: (i) a pair of spin 2 particles; (ii) a pair

of spin 0 particles; and (iii) a pair made of one spin 2 particle and one spin 0 particle.

Excluded final states are all those that involve the spin 1 fakeon.

The cut diagram appearing in the middle of equation (5.5) actually stands for the sum

of two cut diagrams, depending on which side of the cut is “shadowed”. Define the cut

propagators

P±
µνρσ(p) = 2πθ(±p0)

[

∏(2)

µν,ρσ
(p)

∣

∣

∣

∣

p2→m2
2

δ(p2 −m2
2) +

3m2
0

4m2
2

∏(0)

µν,ρσ
(p)

∣

∣

∣

∣

p2→m2
0

δ(p2 −m2
0)

]

.

(5.6)

Note that the fakeon poles do not contribute to the right-hand side. The two cut diagrams

of (5.5) can be evaluated by integrating the products

P+
µνρσ(k)P

+
αβγδ(p− k), P−

µνρσ(k)P
−
αβγδ(p− k),

respectively [where kµ and (p− k)µ are the momenta of the internal legs]. The results are

multiplied by the vertices, the combinatorial factor 1/2 and a factor (−1) for the shadowed

vertex.

Now, the left-hand side of (5.5) receives only the contributions (5.4) for jk = 22, 20, 02

and 00, but so does the right-hand side and the cut diagrams in the middle, as emphasized

by (5.6). Moreover, each Bjk can be thought of as a diagram in its own. For jk = 22,

20, 02 and 00 such a diagram only involves the Feynman prescription, so it satisfies the

identity (5.5) by the usual (“pre-fakeon”) arguments [26, 27, 28]. Recalling that each Bjk

with jk = 21, 12, 11, 10 and 01 gives zero contribution to the left-hand side of (5.5), we

conclude that the bubble diagram (5.2) of the χ4
µν theory does satisfy the optical theorem

in the subspace of physical states, in agreement with unitarity.

We see that making computations with arbitrary-spin massive multiplets does not re-

quire more effort than making computations in the standard model and quantum gravity
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with fakeons [15, 16]. Moreover, the level of difficulty of the fakeon prescription is compa-

rable to the one of the Feynman prescription.

5.2 Other interactions

A simple model that couples the system (5.1) to the spin 3/2 multiplet is the one described

by the Lagrangian

LY = Lint
2 + L3/2 + λY ψ̄µχ

µνψν , (5.7)

where L3/2 is given in formula (3.4) and λY is a Yukawa coupling.

Examples of vertices we can build for more general multiplets are

ψ̄µ1···µsχ
µ1···µsν1···νrψν1···νr , ψ̄µ1···µsγαχ

αµ1···µsν1···νrψν1···νr ,

ψ̄µ1···µsσαβA
αβµ1···µsν1···νrψν1···νr , χ(1)

µµ2···µs
(∂µχ(2)µ2···µr

ν1···νt
)χ(3)µr+1···µsν1···νt , (5.8)

where σαβ = −i[γα, γβ]/2 and Aαβµ1···µsν1···νr is antisymmetric in αβ. Of course, we can

also have versions with γ5 and εµνρσ.

The coupling to gravity is built with the help of the tetrad formalism, where the con-

ditions of vanishing traces and the condition (3.1) can be expressed algebraically, without

involving the metric tensor gµν . We have interacting theories of completely symmetric

traceless bosons χa1···as, where a1 · · ·as are indices of the tangent space, completely sym-

metric fermions ψa1···at satisfying the condition γaψaa2···at = 0, mixing multiplets and multi-

plets with more complicated structures. The actions need to be covariantized and equipped

with all the renormalizable nonminimal couplings we can build.

It is possible to couple the multiplets to QED, non-Abelian gauge fields and the whole

standard model in the usual fashion. For example, the Lagrangian of SU(N) Yang-Mills

theories coupled to the fermionic models of (3.2) is

LYM = −1

4
F a
µνF

aµν + (−1)sψ̄µ1···µs(iγ
ρ∂ρ − igγρAaρT

a −ms)ψ
µ1···µs , (5.9)

where g is the gauge coupling, a is the index of the adjoint reprentation and T a are the

anti-Hermitian matrices of the matter representation.

6 Fixed points of the RG flow

In this section we study the fixed points of the RG flow in quantum field theories of

interacting multiplets of arbitrary spins. We show that they are in general scale invariant,

but not conformal invariant, with some exceptions.
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The RG flow, the renormalization constants, the beta functions and the anomalous

dimensions are the same for any combination of Feynman/fakeon prescriptions we may

choose for the poles of the free propagators [9, 10]. The reason is that, due to the locality

of counterterms, the overall divergent parts of the diagrams have a trivial Wick rotation.

This implies that they can be computed below every threshold or, which is the same, in

Euclidean space, where no prescription is necessary.

For the moment, we concentrate on the Euclidean theories, which give information on

a subsector of the Minkowskian ones. For example, the Euclidean fixed points allow us

to calculate critical exponents and the central charges a and c [24], as well as establish

whether the models satisfy the a theorem [29] or not. Later we discuss the Wick rotation to

Minkowski spacetime. We keep using the Minkowskian notation throughout the discussion.

We start by noting that if we set

ms = 0, as = ās = − 2s

s + 1
, (6.1)

in (2.11), we obtain the higher-spin conformal fields introduced in ref. [24]. Up to total

derivatives, the χµ1···µs Lagrangian can be written in this case as

LC
s =

(−1)s

4
Fµνµ2···µsF

µνµ2···µs , (6.2)

where

Fµνµ2···µs = ∂µχνµ2···µs − ∂νχµµ2···µs −
1

s+ 1

s
∑

i=2

(ηµµi∂
αχανµ2···µ̂i···µs − ηνµi∂

αχαµµ2···µ̂i···µs)

(6.3)

is a sort of field strength (the hat denoting omitted indices), invariant under the gauge

symmetry

δχµ1···µs = ∂µ1 · · ·∂µsΛ− traces. (6.4)

The proof that the action

SC
s =

∫

d4xLC
s (6.5)

is conformal invariant follows from the property that the full conformal group can be

reconstructed by composing the Poincaré group with the coordinate inversion xµ → xµ/x2,

under which the field strength transforms as

Fµνµ2···µs → (x2)2IµρIνσIµ2ρ2 · · · IµsρsF ρσρ2···ρs,

where Iµν = ηµν − 2(xµxν/x
2). Clearly, (6.5) is invariant under the coordinate inversion.

Since it is obviously invariant under the Poincaré group, it is conformal invariant.
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If we insert as = ās into (2.13) we obtain

λsn =
s(s+ 1)

n(n+ 1)
. (6.6)

Letting as → ās in (2.11), the scalar belonging to the multiplet, which has squared mass

m2
sλs0, becomes infinitely heavy and drops out of the spectrum. Then the propagator

(2.12) becomes nonrenormalizable (of the Proca/Pauli-Fierz/Rarita-Schwinger type). The

reason is that the missing scalar must make room for the gauge symmetry (6.4) when

ms → 0.

The field strength (6.3) allows us to uncover interesting properties also when the con-

ditions (6.1) do not hold and the symmetry (6.4) is absent. Adding total derivatives, we

can recast the Lagrangian (2.11) in the equivalent form

L′
s =

(−1)s

2

[

1

2
Fµνµ2···µsF

µνµ2···µs + (as − ās)(∂
µχµµ2···µs)(∂νχ

νµ2···µs)−m2
sχµ1···µsχ

µ1···µs

]

.

(6.7)

The remarkable feature of this expression is that, due to (2.21), −L′
s is positive definite in

the Euclidean framework.

The positive definiteness can be extended to interacting theories. For example, if we

assume λ > 0, λ′ > 0, the Lagrangian

L2int(a2, m2, λ, λ
′) = L′

2 −
λ

4!
χµνχ

νρχρσχ
σµ − λ′

4!
(χµνχ

µν)2 (6.8)

is also negative-definite in Euclidean space. More generally, we can consider the interacting

theories

Ls int(as, ms, λ)=
(−1)s

4
Fµνµ2···µsF

µνµ2···µs

+
(−1)s

2
(as − ās)(∂

µχµµ2···µs)(∂νχ
νµ2···µs)− V (χ,ms, λ), (6.9)

where the potential V collects the mass term of (6.7) plus quartic interactions, λ denoting

the couplings. As long as V is positive definite in Euclidean space, so is −Ls int.
The fixed points of the RG flow are the solutions of the conditions of vanishing beta

functions. Such conditions ensure scale invariance, but not necessarily conformal invari-

ance. To explain this point, let us refer to (6.9) for concreteness. Since the running of the

masses is proportional to the masses themselves, it is consistent to switch the masses off

at all energies and focus on massless theories. Recalling that we are still concentrating on

the Euclidean versions of the theories, the massless limits present no particular difficulties.

The classical action

Ss int(as, 0, λ) =

∫

d4xLs int(as, 0, λ) (6.10)
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is obviously scale invariant. The quantum field theory derived from Ss int is not scale

invariant, in general, because the couplings may run. It becomes scale invariant for the

values λ∗, a∗s of λ and as where the beta functions vanish:

βλ(λ
∗, a∗s) = βas(λ

∗, a∗s) = 0. (6.11)

When these conditions are satisfied, we can construct a conserved charge associated with

the dilatation.

However, a fixed point that satisfies (6.11) is not necessarily conformal invariant. Con-

sider the free-field limit (2.11). If we set ms = 0 and keep as 6= ās, the theory is scale

invariant and the beta functions are trivially zero. However, it is not conformal invariant:

it becomes so only for as → ās.

Going back to the general case, a necessary condition to have conformal invariance is

that the classical action (6.10) be conformal, which happens if and only if

a∗s = ās. (6.12)

However, it is difficult to fulfill (6.12) and (6.11) at the same time, because in total they

make a system containing more equations than unknowns. It may be possible to solve

the system when extra parameters are present, if they are nonrunning (possibly because

protected by nonanomalous symmetries).

Other difficulties come from the gauge invariance (6.4), since it is hard to build in-

teracting theories that preserve it. Because of these problems, the existence of nontrivial

conformal field theories involving bosonic multiplets χµ1···µs remains a conjecture for the

moment. We content ourselves with the existence of scale invariant fixed points.

Similar conclusions apply to the other types of bosonic multiplets, but for different

reasons. For example, let us consider the antisymmetric tensor Aµν , with Lagrangian

(4.1). We know that the no-tachyon condition requires b > −2. When b tends to −2

and m tends to zero, the Lagrangian (4.1) becomes gauge invariant, the gauge symmetry

being δAµν = ∂µCν − ∂νCµ. It becomes conformal invariant only when b = −4, m = 0

[24]. Values of b as low as −4 are deep into the tachyonic region for m 6= 0, so it might

be difficult to reach them from the quantum field theories we are studying here. On the

contrary, the RG flow can easily reach a scale invariant fixed point without b leaving the

no-tachyon region.

The fermionic multiplets ψµ1···µs of section 3 have nicer properties. Indeed, their free

Lagrangian (3.2) does not contain independent parameters other than the mass. In the

massless limit, the action

SCs+1/2 =

∫

d4xLCs+1/2 =

∫

d4xψ̄µ1···µsiγ
ρ∂ρψ

µ1···µs (6.13)
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is invariant under the full conformal group (see [24] for details).

Let us consider interacting theories of multiplets ψµ1···µs , scalar fields, fermions of spin

1/2 and gauge fields in the massless limit. We exclude bosonic multiplets, as well as gravity.

An example of such theories is the one with Lagrangian

L′
YM = −1

4
F a
µνF

aµν + ψ̄(iγρ∂ρ − igγρAaρT̄
a)ψ + (−1)sψ̄µ1···µs(iγ

ρ∂ρ − igγρAaρT
a)ψµ1···µs ,

(6.14)

where s > 0 and T̄ a are the matrices of another representation of the gauge group. The

classical actions are conformal invariant. We can show that (the Euclidean versions of)

the fixed points are conformal invariant.

The easiest way to prove this fact is by working in coordinate space. Vertices and

propagators transform as they should under the conformal group, because they transform

correctly under the Poincaré group and the coordinate inversion. Knowing this, it is easy

to prove that each Feynman diagram transforms correctly, as long as it is convergent. On

the other hand, the overall divergent parts are local and have the same structures as the

terms of the classical action, which are conformal invariant. The violation of conformal in-

variance comes only from the scale introduced by the regularization and the trace anomaly

associated with it. Specifically, the conserved, symmetric energy-momentum tensor has a

trace that does not vanish on shell. However, at the fixed points of the RG flow, where the

beta functions are zero, the trace anomaly does vanish, so the energy-momentum tensor

becomes conserved, symmetric and traceless on shell. This allows us to build conserved

charges for the generators of the whole conformal group and proves that the fixed point is

conformal invariant in the Euclidean framework.

The Minkowskian versions of these theories deserve a separate discussion. When fakeons

are absent, only the Feynman prescription, which is conformal invariant, is in play, so the

theories remain conformal after the Wick rotation to Minkowski spacetime. This is nothing

new, however, since dropping the fakeons means dropping the massive multiplets of spins

> 1/2 altogether, so models such as (6.14) end up containing just gauge fields, scalars

and spin 1/2 fermions. When fakeons are present, the Wick rotation must be completed

nonanalytically [12, 10], which makes the whole issue of conformal invariance less trivial.

Indeed, the fakeon prescription is formulated in momentum space, where it is meaningful to

talk about S matrix, asymptotic states, optical theorem, production thresholds and so on.

A formulation of the fakeon prescription directly in coordinate space is still unavailable.

Symmetrically, it is not simple to map the coordinate inversion to momentum space and

prove conformal invariance from the Feynman rules and the Feynman diagrams by working

directly in momentum space. This means that at present we cannot guarantee that the
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Minkowskian fixed points are conformal, even when their Euclidean versions are.

6.1 Large N limit

Other remarkable classes of interacting RG flows and fixed points can be built with the

help of large N expansions. In two dimensions nonderivative vertices with four higher-

spin fermionic legs are renormalizable by power counting, à la Gross-Neveu [30]. In three

dimensions they are renormalizable in the large N expansion [31]. In turn, the three-

dimensional models can be used to define interacting conformal field theories [32] and build

peculiar RG flows interpolating between them, which can be solved nonperturbatively in

the couplings for every truncation of the large N expansion [33].

Consider the model with Lagrangian

L(N) = (−1)s
N
∑

I=1

ψ̄Iµ1···µs

(

iγρ∂ρ +
λ√
N
σ −m

)

ψµ1···µsI − Mσ2

2
, (6.15)

in three spacetime dimensions, where ψµ1···µsI are four-component spinors, σ is an auxiliary

field for the four fermion vertex, λ is a coupling that stays finite in the large N limit and

M , m are masses. The σ self energy is leading in the large N expansion and provides a

propagator for σ. It is possible to show that the Lagrangians (6.15) are renormalizable,

once the perturbative expansion is reorganized as a large N expansion [31].

The massless limit M,m → 0 of (6.15) is smooth in the Euclidean framework, where

the theory becomes conformal invariant, at the classical level as well as at the quantum

level. The conformal limit is described by the (Euclidean version of the) Lagrangian

L(N)
σ = (−1)s

N
∑

I=1

ψ̄Iµ1···µs

(

iγρ∂ρ +
λ√
N
σ

)

ψµ1···µsI . (6.16)

For example, in the case of the spin 3/2 multiplet (s = 1), the σ propagator, provided

by the leading order of the σ two-point function, turns out to be, in momentum space,

〈σ(p)σ(−p)〉 = − 2i

9λ2
√

−p2
+O

(

1

N

)

(6.17)

for p2 < 0, which is the Euclidean region. Writing the bare fields as ψµB = Z
1/2
ψ ψµ,

σB = Z
1/2
σ σ, the renormalization constants are

Zψ = 1− 1

15π2εN
+O

(

1

N2

)

, Zσ = 1 +
56

45π2εN
+O

(

1

N2

)

, (6.18)
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where ε = 3 − D, while the λ beta function vanishes identically. As before, the nonana-

lytic Wick rotation to Minkowski spacetime may not preserve conformal invariance in the

massless limit, so we limit our discussion to the Euclidean version for the time being.

It is possible to build simple quantum field theories that interpolate between pairs of

fixed points of the type just met. The prototype of the models we have in mind has the

Lagrangian

L(N1,N2)
σ = (−1)s

N1
∑

I=1

ψ̄Iµ1···µs (iγ
ρ∂ρ + λσ)ψµ1···µsI + (−1)s

N2
∑

I=1

χ̄Iµ1···µs (iγ
ρ∂ρ + gσ)χµ1···µsI ,

(6.19)

where λ and g are couplings. It is clear that for λ = 0 the theory (6.19) becomes L(N2)
σ plus

N1 free multiplets. Instead, for λ = g it becomes L(N1+N2)
σ . Finally, for g = 0 it becomes

L(N1)
σ plus N2 free multiplets. Remarkable features are that: (i) the RG flows are both

asymptotically safe and infrared safe; (ii) the beta function can be worked out exactly in

α ≡ λ2/g2 at every order of the large N expansion; and (iii) there is an obvious duality

α ↔ 1/α, N1 ↔ N2.

The relevant Feynman diagrams are simple adaptations of those of the theory (6.16).

In the case of the spin 3/2 multiplet, we find, from (6.18),

βα = − 56

45π2N

α(1− α)

1 + rα2
+O

(

1

N2

)

, (6.20)

where r = N1/N2 is kept finite in the large N expansion and N ' N1 ' N2. The three

fixed points mentioned above are α = 0, 1, ∞, respectively. More details on how to make

calculations like the ones that lead to (6.18) and (6.20) can be found in refs. [32, 33],

together with other properties of these classes of models.

Four dimensional analogues of these RG flows and fixed points can be built in SU(Nc)

gauge theories coupled to Nf fermionic multiplets of arbitrary spin [check (5.9) and (6.14)].

For definiteness, we can imagine that the fermions are in the fundamental representation. A

Veneziano expansion for largeNc and largeNf , withNf/Nc fixed [34], makes the corrections

to the beta functions negligible from three loops onwards, while the two-loop beta functions

have a form similar to (6.20) and admit fixed points à la Banks-Zaks [35].

6.2 Remarks

Before concluding this section, some remarks are in order. In realistic models the fakeons

are required to be massive. Indeed, they trigger violations of microcausality [23] at energies

larger than their masses, so a massless fakeon would be responsible for the violation of
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causality at all energies. The masses make a higher-spin multiplet disappear at low energies.

On the other hand, masses become negligible at high energies, which justifies the interest for

the massless limits. More generally, we can consider the models obtained by switching off all

the dimensionful parameters (which are the masses, the coefficients of one-leg vertices and

the couplings of nonderivative bosonic 3-leg vertices, if present). This choice is compatible

with the RG equations, since the beta functions of the dimensionful parameters vanish

when those parameters vanish. The RG flows of massless models typically interpolate

between nontrivial IR and UV fixed points, as in the examples provided above.

The massless limits and the massless models can be studied straightforwardly in Eu-

clidean space, as we have already noted. They are more challenging in Minkowski space-

time. Consider the propagators (2.7) and (2.9) for the spin 2 multiplet χµν . All the poles

coalesce to p2 = 0 for m2 → 0. Expression (2.9), which is free of spurious poles at p2 = 0

and neatly separates the particles of the multiplet according to their quantization pre-

scriptions, is not very useful here, because each term has a singular massless limit, since

the residues at the poles contain masses in the denominators. If we use expression (2.7),

instead, each term ends up containing products of p2 = 0 poles defined by the Feynman

prescription, multiplied by p2 = 0 poles defined by the fakeon prescription. Although this

does not appear to pose consistency problems, it is necessary to pay attention to how the

limit is reached.

We conclude by stressing again that the fixed points of the RG flows of quantum field

theories containing massive multiplets of arbitrary spins are generically scale invariant, but

not necessarily conformal invariant. Nevertheless, in several models the fixed points are

conformal invariant in Euclidean space.

7 Palatini quantum gravity with fakeons

In this section we show that the Palatini version of quantum gravity with fakeons is equiv-

alent to the non-Palatini version coupled to a massive multiplet of a peculiar type, which

we call Palatini multiplet.

Let us first discuss the issue in Einstein gravity. The Palatini variation [36] amounts to

treating the connection Γρµν and the metric tensor gµν as independent fields. If we apply it

to the action

S(g,Γ) = −M
2
Pl

16π

∫

d4x
√
−gR(g,Γ), (7.1)

the field equation δS/δΓ = 0 equates Γ to the Levi-Civita connection Γ(g) [37]. Moreover,

the Hilbert action SH(g) = S(g,Γ(g)) is obtained once the solution is inserted back into
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S(g,Γ).

In view of the generalization to quantum gravity, it is convenient to shift Γρµν by the

Levi-Civita connection. The difference

Ωρµν ≡ Γρµν − Γρµν(g) (7.2)

transforms as a tensor under diffeomorphisms. We are not assuming that the connection

is metric compatible, nor that the torsion vanishes, so Ωρµν must be considered as the most

general order-3 tensor, which we call Palatini tensor. The action S(g,Γ) can be rephrased

as a functional of the metric and Ωρµν :

SP(g,Ω) = SH(g) +
M2

Pl

16π

∫

d4x
√−ggµν(ΩρµσΩσρν − ΩρµνΩ

σ
σρ). (7.3)

The field equations for Ωρµν give

Ωρµν = δρνΩ
3
µ, Ω1

µ = 4Ω3
µ, Ω2

µ = Ω3
µ, (7.4)

where Ω1
µ = Ωνµν , Ω

2
µ = Ωννµ and Ω3

µ = gµνg
ρσΩνρσ. Once the solution is inserted back into

(7.3), the last term vanishes.

Note that the equations (7.4) do not imply Ωρµν ≡ 0, but leave the vector Ω3
µ free. They

imply Ωρµν = 0 under the assumption of metric compatibility (Ωρµν = −gραgνβΩβµα), as well
as under the assumption of vanishing torsion (Ωρµν = Ωρνµ), but not in the most general

case [38].

The difference SP(g,Ω)− SH(g) is not the most general quadratic, nonderivative term

we can build for Ωρµν . Generically, we can consider

S ′
P(g,Ω) = SH(g) + SM(g,Ω), (7.5)

where

SM(g,Ω) ≡ M2
Pl

16π

∫

d4x
√
−g
[

Ωµνρ

6
∑

i=1

MiΩ
{µνρ}i +

3
∑

i,j=1

ΩiµMijΩ
jµ

]

. (7.6)

Here {µνρ}i denotes the ith permutation of µνρ, Mi and Mij are constants and Ωµνρ =

Ωσµνgρσ. There are no compelling reasons to exclude the additional quadratic terms con-

tained in SM . Besides, renormalization turns them on anyway. Once we switch to Γρµν by

inverting (7.2), formula (7.5) provides a “Palatini version of Einstein gravity” as legitimate

as (7.1). The Ωρµν field equations of (7.5) give Ωρµν ≡ 0 (for generic values of Mi and Mij)

and return the Hilbert action as before.

From our viewpoint, Ωρµν is just a particular higher-spin tensor multiplet, SM(g,Ω) is

its most general mass term, while SP(g,Ω)−SH(g) is a particular mass term. It is natural
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to view (7.3) as the low-energy limit of a theory where Ωρµν is dynamical. The Palatini

version of quantum gravity with fakeons is the appropriate ultraviolet completion of (7.3),

or (7.1). The masses of the Palatini multiplet do not need to be equal, or close to, the

Planck mass M2
Pl, because the actions (7.3) and (7.5) do not provide a normalization for

Ωρµν .

Let us switch to quantum gravity with fakeons [9], which is built starting from the

action

SQG(g) = −M
2
Pl

16π

∫

d4x
√−g

(

R +
1

2m2
χ

CµνρσC
µνρσ − R2

6m2
φ

)

, (7.7)

where Cµ
νρσ is the Weyl tensor. The cosmological term is omitted for simplicity. It is

understood that the connection Γρµν in (7.7) is the Levi-Civita one. The signs of the

coefficients of C2 and R2 are due to the no-tachyon condition.

Analyzing the poles of the free propagator around flat space, it is possible to show

that the theory propagates a triplet made of the graviton (that is to say the fluctuation

of the metric tensor), a scalar field φ of mass mφ and a spin-2 fakeon χµν of mass mχ.

Once the cosmological term is reinstated, the theory is renormalizable. Because the fakeon

quantization prescription is adopted for χµν , the theory is also unitary [9]. The scalar φ

can be quantized either as a physical particle or a fakeon.

The Palatini version of quantum gravity with fakeons is obtained by turning Γρµν into an

independent field, adding all the terms that are power-counting renormalizable, imposing

that no tachyons are present in the expansion around flat space, and finally choosing the

appropriate quantization prescriptions to have unitarity. We want to show that theory we

obtain is equivalent to (7.7) coupled to the (propagating) Palatini massive multiplet Ωρµν .

First, we need to replace the curvature tensors Rµνρσ(g,Γ(g)) of (7.7) with Rµνρσ(g,Γ),

which has reduced symmetry properties. We also need to include all the inequivalent

contractions. The list of possibilities is quite long, but some shortcuts allow us to get to

the final answer quite rapidly. The trick is to use the variables gµν and Ωρµν , which are

easier to handle. A further simplification suggested by (7.5) is to assume invariance under

the Z2 transformation Ωρµν → −Ωρµν (we can always add the other terms later). We can

also assume parity invariance, which spares us from using the Levi-Civita symbol εµνρσ

(again, we can add the remaining terms later). Finally, we keep working in the metric

formalism, but the analysis is basically identical in the tetrad formalism. In particular, the

tetrad formalism is necessary when we want to couple the theory to the standard model.

At this point, we have to equip (7.5) with all the two-derivative kinetic terms we can

build for Ωρµν and include the nonminimal couplings and the Ω self interactions. We obtain

SP
QG(g,Ω) = SQG(g) + Skin(g,Ω) + SM(g,Ω) + S4(g,Ω),
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where

Skin(g,Ω)≡−M
2
Pl

16π

∫

d4x
√−g

[

DσΩµνρ
∑

i

NiD
{σΩµνρ}i +DµDνΩ

i
ρ

∑

i

N ′
iΩ

{µνρ}i

+DµΩ
i
ν

∑

i,j

(

NijD
µΩjν +N ′

ijD
νΩjµ

)

+ nonminimal terms

]

,

up to total derivatives, and S4 collects the most general quartic terms:

SV (g,Ω) =

∫

d4x
√−gV µ1ν1ρ1µ2ν2ρ2µ3ν3ρ3µ4ν4ρ4Ωµ1ν1ρ1Ωµ2ν2ρ2Ωµ3ν3ρ3Ωµ4ν4ρ4 ,

where V ··· are constants. Renormalizability is evident, by power counting. On the other

hand, it is nontrivial to work out the no-tachyon conditions and the prescriptions for

unitarity. For this reason, we split the problem into simpler problems by decomposing the

Palatini multiplet into irreducible submultiplets.

8 The Palatini multiplet

In this section we discuss the Palatini multiplet and its main submultiplets: the metric

incompatibility submultiplet and the torsion submultiplet.

A tensor Ωµνρ of order 3 has 64 independent components. We are going to show that

it contains one spin 3 particle, 5 spin 2 particles, 9 spin 1 particles and 5 spin 0 particles:

64 = 3⊕ 25 ⊕ 19 ⊕ 05. (8.1)

We start from the usual decomposition by means of Young tableaux,

64 = ⊕ ⊕ ⊕ . (8.2)

The completely symmetric part belongs to the metric incompatibility submultiplet (see

below). It has dimension 20 and can be further decomposed into the traceless part, which

is the dimension 16 multiplet χµνρ with free Lagrangian (2.6), and the trace part, which is

a vector multiplet with free Lagrangian (2.1):

≡ 20a = [3⊕ 2⊕ 1⊕ 0]a ⊕ [1⊕ 0]a. (8.3)

The irreducible multiplets are distinguished by means of square brackets.
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The completely antisymmetric part of Ωµνρ belongs to the torsion submultiplet. It is a

vector multiplet, by Hodge dualization,

≡ 4d = [1⊕ 0]d, (8.4)

and its free Lagrangian is also (2.1).

The rest of (8.2),

⊕ = 20b ⊕ 20c, (8.5)

contains 40 degrees of freedom, which can be split into two tensors of dimension 20. Each

of them can be further split into a traceless multiplet of dimension 16 and a further vector

multiplet:

20b,c=[2⊕ 2⊕ 1⊕ 1]b,c ⊕ [1⊕ 0]b,c. (8.6)

The traceless multiplets, which decompose as 2 ⊕ 2 ⊕ 1 ⊕ 1 (the proof being given

below), are the only ones we have not met so far. They can be organized in different ways.

For example, we can choose 20b and 20c to correspond to a Young tableaux of (8.6) each.

Or, we can choose 20b to belong to the metric incompatibility submultiplet. Or, we can

have 20c belong to the torsion submultiplet. Note that we cannot satisfy the last two

conditions at the same time, since the two submultiplets mix in a nontrivial way.

To make these issues clear, we organize the right-hand side of (8.5) in two ways, which

we denote by 20b ⊕ 20c and 20∗
b ⊕ 20∗

c , respectively.

8.1 Torsion decomposition

We choose 20b to be symmetric under the exchange of µ and ν and 20c to be antisymmetric

under the exchange of the same indices. Then, the torsion submultiplet of Ωρµν is 20c⊕4d.

Indeed, when 20c and 4d vanish, Ωµνρ is symmetric in the exchange of µ and ν, so Γρµν is

torsionless (but not necessarily metric compatible).

We denote the traceless parts of 20b,c by ω
+
µνρ and ω

−
µνρ, respectively. Their projectors

are

P±
µνρ,αβγ =

1

6
[2ηµαηνβηργ − ηµγηναηρβ − ηµβηνγηρα ± (µ↔ ν)− traces] ,

so the desired multiplets are ω±
µνρ = P±

µνρ,αβγΩ
αβγ . A useful property is that P±

µνρ,αβγ are

invariant under cyclic permutations of µνρ and αβγ, so ω±
µνρ satisfy the “Bianchi identity”

ω±
µνρ + ω±

ρµν + ω±
νρµ = 0. (8.7)

Both multiplets ω±
µνρ contain two spin-2 particles (one physical, one fake) and two spin-1

particles (one physical, one fake).
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We focus on ω−
µνρ, since the case of ω

+
µνρ is similar. Trying out all contractions and using

the Bianchi identity (8.7), it can be shown that the most general quadratic, two-derivative

Lagrangian for ω−
µνρ is

L− = −1

2
(∂σω

−
µνρ)(∂

σω−µνρ)− a

2
(∂µω−

µνρ)(∂σω
−σνρ)− a′

2
(∂µω−

µνρ)(∂σω
−σρν)+

m2

2
ω−
µνρω

−µνρ.

(8.8)

Once we work out the propagator (which we do not write here due to its involved structure),

we find the no-tachyon conditions

a > −3, −2− a < a′ < 6 + a. (8.9)

The mass spectrum is

physical spin 2 : m2, fake spin 2 :
2m2

2 + a+ a′
,

physical spin 1 :
3m2

3 + a
, fake spin 1 :

6m2

6 + a− a′
.

The nature and spin of each particle are established by investigating the residues at the

poles in the rest frame. The spectrum of ω+
µνρ has an analogous structure.

8.2 Metric incompatibility decomposition

The second decomposition of (8.5) is 20∗
b ⊕ 20∗

c , where 20∗
b and 20∗

c are symmetric and

antisymmetric under the exchange of ν and ρ, respectively. The metric incompatibility

submultiplet of Ωµνρ is 20a⊕20∗
b . Indeed, when 20a and 20∗

b vanish, Ωµνρ is antisymmetric

in the exchange of ν and ρ, so the connection Γρµν of (7.2) is metric compatible (but

not necessarily torsionless). The Lagrangians, spectra and no-tachyon conditions for the

traceless parts ω∗±
µνρ of 20∗

b,c are similar to the ones of ω±
µνρ. Note that when Ωµνρ is both

symmetric in µν and antisymmetric in νρ, it vanishes, so Γρµν coincides with the Levi-Civita

connection.

The results we have found allow us to prove that the space of parameters contains

a region where all the no-tachyon conditions are fulfilled. In the diagonal case, where

the irreducible submultiplets are independent from one another, it is sufficient to satisfy

the no-tachyon conditions (2.21) and (8.9) for each submultiplet separately. When the

off-diagonal mixing terms are turned on, we have situations similar to those described in

section 4. The no-tachyon conditions continue to hold, if the coefficients of the mixing

terms are sufficiently small. As far as the quantization prescriptions are concerned, the
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“minimal” unitary scenario is obtained by quantizing the whole Palatini multiplet as a

multiplet of fakeons. More generally, the parameter space is divided into regions with

different contents of physical and fake particles. The spin-3 particle of (8.1) cannot mix

with other particles, so it can be quantized as a physical particle if the right sign is chosen

in front of its kinetic term. The particles that have the same spin belonging to the list

(8.1) mix with one another and, depending on the features of the mixing, they may be

quantized as physical particles or not. What is important is that we have proved that

there are quantization prescriptions and a region in parameter space that make the theory

perturbatively unitary.

In conclusion, the Palatini version of quantum gravity with fakeons is just the non-

Palatini one coupled to the Palatini multiplet. Consequently, it is equally renormalizable

and unitary, once the no tachyon conditions are fulfilled and the right prescriptions are

chosen for the various poles of the free propagators in the expansion around flat space.

9 Conclusions

Quantum field theories of massive particles of arbitrary spins can be formulated in a

local, renormalizable and unitary way by embedding the particles into larger multiplets,

containing fakeons and possibly other physical particles.

The models built along this guideline uncover a hidden subsector of quantum field

theory. The interactions are similar to the ones of ordinary theories of particles of lower

spins, and so are the couplings to gravity and gauge fields. A notable example is the

Palatini version of quantum gravity, which is just the non-Palatini one coupled to a peculiar

multiplet of order 3. More generally, the models provide an arena for investigating new

types of RG flows, fixed points and asymptotically safe theories. An unexpected feature

of the RG fixed points is that they are in general only scale invariant, but not conformal

invariant. Exceptions exist, if we restrict to fermionic multiplets, make use of large N

expansions, concentrate on the Euclidean versions of the theories.

Arbitrary-spin massive multiplets may provide candidates for physics beyond the stan-

dard model, the matter sector of quantum gravity and possibly dark matter. To be good

dark-matter candidates, maybe WIMPs, they must be electrically neutral, neutral with

respect to SU(3) and couple to the Z boson very weakly.

Generically, we can expect the multiplets to be superheavy (that is to say, have masses

larger than 1012-14GeV), for the following reasons. We know that fakeons must be massive

to restrict the violation of causality to small distances. We have shown that RG invariant

identities, such as (2.22) and (3.3), relate the masses of the particles within an irreducible
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multiplet. This property suggests that the masses of the particles belonging to a multiplet

might be comparable to one another. We also know that the only fakeon that must

necessarily exist for the consistency of quantum gravity is the spin 2 fakeon χµν of mass

mχ predicted by the theory (7.7). As shown by Bianchi, Piva and the current author in

[17], its mass should satisfy the bound mχ > mφ/4 on cosmological grounds. Current data

on the power spectrum and tilt of the primordial scalar fluctuations of the CMB radiation

[39] imply that the scalar field φ is superheavy. Then the bound mχ > mφ/4 implies that

χµν is also superheavy. If other fakeons exist, as in the multiplets we have considered here,

maybe all of them have the same origin (not known today) and comparable masses. If that

is the case, the whole multiplets might be superheavy. As discussed by Chung, Crotty,

Kolb and Riotto in refs. [40] superheavy dark matter is a viable option.

On the other hand, at present we cannot completely exclude the relevance of light

multiplets for cosmology and astroparticle physics. Light spin-2 (Pauli-Fierz) dark matter

candidates have been considered in ref. [41] by Marzola, Raidal and Urban in the context

of bimetric gravity [8]. The multiplets studied here might be worth of attention in these

kinds of searches.
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