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Abstra t
Under

ertain assumptions, it is possible to make sense of higher derivative theories by

quantizing the unwanted degrees of freedom as fakeons, whi h are later proje ted away.
Then the true

lassi al limit is obtained by

lassi izing the quantum theory. Sin e quantum

eld theory is formulated perturbatively, the

lassi ization is also perturbative.

deriving a number of properties in a general setting, we
gravity that emerges from the fakeon idea and study its
FLRW metri . We point out

onsider the theory of quantum
lassi ization, fo using on the

ases where the fakeon proje tion

whi h in lude radiation, the va uum energy density and the
ases where it

annot, whi h in lude dust.

features with the quantum theory it

Generi ally, the

an be handled exa tly,

ombination of the two, and
lassi al limit shares many

omes from, in luding the impossibility to write down

omplete, exa t eld equations, to the extent that asymptoti
ee ts

After

ome into play.

1

series and nonperturbative

1

Introdu tion

Typi ally, higher derivative quantum eld theories propagate ghosts, if they are formulated
in the usual ways. The ghosts are unphysi al degrees of freedom that

annot be proje ted

away without violating unitarity. Re ently, a new quantization pres ription [1, 2℄ has been
set forth, to quantize various types of degrees of freedom as fakeons, i.e. fake parti les.
The main virtue of the fakeons is that they
spe trum

an be proje ted away from the physi al

onsistently with unitarity.

The fakeon pres ription
parti les into fake parti les.

χµν

one fakeon

an be used to turn the ghosts and possibly some physi al
Its main appli ation is to quantum gravity [1, 3, 4℄, sin e

of spin two, together with a s alar eld

φ,

is able to make the theory

renormalizable while preserving unitarity.
In this paper we investigate some remarkable features of the

lassi al limits of the

theories of parti les and fakeons. We re all that the fakeon quantization pres ription has a
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truly quantum nature, sin e it amounts to a nonanalyti
alled average
analyti

ontinuation.

ontinuations that

The average

operation on the loop diagrams,

ontinuation is the arithmeti

average of the

ir umvent the thresholds asso iated with the pro esses that

involve fakeons [5, 2℄.
The idea originates from a thorough analysis of the
grammati

identities that en ode the unitarity relation

utting equations, whi h are dia-

†

S S = 1 [6℄.

The fakeons also allow

us to reformulate and a tually better understand the Lee-Wi k models [7℄. For a review
of these topi s, see ref. [8℄.
The ba klash of the fakeon pres ription on the

lassi al theory turns out to be nontrivial

[8℄, be ause the quantization pro ess in ludes an additional step, as shown in g. 1. The
starting lo al a tion is just an interim one, being unproje ted.
a tion

The nalized

an be obtained only after the quantization, and emerges from the

lassi al

lassi ization of

the quantum theory.
The interim

lassi al a tion of quantum gravity

oupled to matter

an be expressed in

two ways. The standard way is by means of higher-derivative terms [1℄:

1
SQG (g, Φ) = − 2
2κ
Here

α, ξ , ζ

osmologi al

and

κ

Z





√
ξ 2
1 2
µν
d x −g 2ΛC + ζR + α Rµν R − R − R + Sm (g, Φ).
3
6
4

are real positive

onstant

the matter elds and

(1.1)

onstants. We make no assumption on the sign of the

√
√
ΛC . The Plan k mass is MPl = 1/ G = 8πζ/κ. Moreover, Φ are
Sm is the a tion of the matter se tor. For example, Sm an be the
2

interim

quantization

quantum

classicization

classical

classical theory

fakeon projection

field theory

classical fakeon projection

limit

Figure 1: Quantization/ lassi ization s heme

a tion of the standard model, or a standard model extension, as long as it is
and

ontains all the nonminimal

ouplings that are

as a

ompatible with renormalizability.

ΛC = 0

For simpli ity, in this paper we work at

ovariantized

and view the

osmologi al

omponent of dark energy. An equivalent version of the interim

onstant

lassi al a tion (1.1)

is obtained by means of extra elds, whi h allow us to remove the higher derivatives. We
nd [4℄

SQG (g, φ, χ, Φ) = SH (g) + Sχ (g, χ) + Sφ (g̃, φ) + Sm (g̃eκφ , Φ),

(1.2)

g̃µν = gµν + 2χµν and


Z
Z

m2φ
√
√
ζ
3ζ
4
4
κφ 2
µ
d x −g ∇µ φ∇ φ − 2 1 − e
,
SH (g) = − 2 d x −gR,
Sφ (g, φ) =
2κ
4
κ


Z
ζ2 √
δSH (g)
4
µν
2
+
Sχ (g, χ) = SH (g̃) − SH (g) + d x −2χµν
−g(χµν χ − χ )
. (1.3)
δgµν
2ακ2
g→g̃
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where

As we see, the theory des ribes the graviton, a s alar eld
spin-2 fakeon

χµν

of squared mass

m2χ = ζ/α

It is easy to show, from the expression of

φ

of squared mass

Sχ ,

that the

At present we do not know whether

parti le or a fakeon.

a

and the matter elds.

χµν

quadrati

Pauli-Fierz type, but with the wrong overall sign [4℄. For this reason
as a fakeon.

m2φ = ζ/ξ ,

φ

χµν

a tion is of the

must be quantized

should be quantized as a physi al

Thus, we have two possibilities: one is the graviton/s alar/fakeon

(GSF) theory and the other one is the graviton/fakeon/fakeon (GFF) theory. Throughout
this paper, we work with the se ond option, be ause we plan to investigate the fakeons
in the Friedmann-Lemaitre-Robertson-Walker (FLRW) s enario, whi h is not sensitive to

χµν .
We re all that if we quantize every degree of freedom by means of the standard Feynman
pres ription, the a tion (1.1) gives the Stelle theory [9℄ (after we drop
proje tion is possible and the

Sm ).

In that

ase, no

lassi ization is trivial. However, the Stelle theory propagates

ghosts.
The fakeon proje tion is inherited from quantum eld theory, so it is formulated perturbatively. Its

lassi al limit amounts to take the average of the retarded and advan ed
3

potentials [8℄. What happens when we try and resum the perturbative expansion of the
lassi ization? Can we grasp the exa t

lassi al eld equations and the fakeon proje -

tion at the nonperturbative level? In this paper, we investigate these issues and un over
interesting, and to some extent surprising, properties.
At the quantum level, we are a

ustomed to build a theory perturbatively, by adding,

so to speak, quantum after quantum, or intera tion after intera tion. We do not expe t
anything like that to o

ur in a

lassi al framework. One of the surprises of the theory of

quantum gravity built on the fakeon idea is pre isely that the
features with the quantum theory it

lassi al limit shares many

omes from, in luding the impossibility to write down

omplete, exa t eld equations. Unless we have knowledge about the nonperturbative se tor of quantum gravity, the proje ted
In general, asymptoti

series

lassi al eld equations we get are also perturbative.

ome into play and nonperturbative

be in luded. However, in spe ial

ases, the resummation

We study these issues in a general setting and then
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of the

orre tions may have to

an be handled exa tly.

on entrate on the FLRW solution

lassi ized theory of quantum gravity. We show that the fakeon proje tion

handled exa tly in the
of both.

ases of radiation, the va uum energy density and the

Instead, in the

ase of dust it

nonperturbative ee ts may

annot, so asymptoti

an be

ombination

series are generated and

ome into play.

Quantum gravity, as it emerges from the fakeon idea, is in line with high-energy parti le physi s. In parti ular, it follows from the same prin iples that lead to the standard
model: unitarity, lo ality and renormalizability [10℄.

The s attering amplitudes are de-

ned perturbatively by means of Feynman diagrams, whi h
eort

omparable to the one required by analogous

an be

al ulated with an

omputations in the standard model

[3, 4℄.
Several proposals for quantum gravity have appeared in the past de ades. We mention
string theory [11℄, loop quantum gravity [12℄, holography (the AdS/CFT
[13℄, latti e gravity [14℄ and asymptoti

safety [15℄.

orresponden e)

However, their predi tive powers

are limited. Some proposals, like string theory, have a huge spa e of free parameters [16℄.
Others, like the AdS/CFT
gravity, asymptoti

orresponden e, rely on

safety and the AdS/CFT

expansions and deal with strongly

onje tured dualities. Some, like latti e

orresponden e, do not admit perturbative

oupled quantum eld theory. Others, like string theory

and loop quantum gravity, involve mathemati s that is not well understood.
Here are some of the reasons why we

laim that the solution provided by the fakeons is

the right theory of quantum gravity. As far as

4

al ulability, predi tivity and falsiability

are

on erned, the fakeon solution tops the

ompetitors by far. A tually, it may be turn

out to be the most predi tive theory ever, sin e it is able to

over a huge range of energies

(from the infrared limit up to and beyond the Plan k s ale) perturbatively and with few
independent parameters.

mφ and mχ of φ and χµν might be smaller, or even mu h smaller, than
the Plan k mass MPl . The perturbative expansion, whi h is formulated in powers of the
2
2
2
2
fakeon/graviton ne stru ture onstants αφ = mφ /MPl and αχ = mχ /MPl , makes sense as
The masses

long as the renormalization group ow keeps these parameters smaller than unity, whi h
likely means somewhere above the Plan k s ale. At some point, up there, nonperturbative
ee ts start to be ome important. The theory predi ts new physi s below the Plan k s ale
[3, 4℄, at energies around

mφ

and

mχ .

At low energies, it redu es to the nonrenormalizable

theory made of the Hilbert-Einstein a tion plus the

ounterterms turned on by renormal-

ization [17℄. Note that the low-energy expansion is independent of the pres ription with
whi h the elds are quantized.
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It is important to stress that the fakeon idea does not make assumptions about the
nature of spa etime at innitesimally small distan es. Instead, the new understanding of
spa etime at the mi ros opi

level emerges from the theory itself.

violation of mi ro ausality [4, 8℄: the

It is en oded in the

on epts of spa e and time, past, present and future,

ause and ee t lose meaning at energies larger than the lightest fakeon mass. Our present
knowledge of the laws of physi s leaves enough room for this predi tion to be a

urate,

both from the theoreti al and experimental viewpoints.
Over the years, the

on ept of

ausality has been gradually put aside in quantum eld

theory. The reason is that it is not well understood, whi h makes it hard to elevate it to the
rank of a fundamental prin iple. A denition that mat hes the intuitive notion is missing
[18℄ and Bogoliubov's proposal [19℄, whi h implies the Lehmann-Symanzik-Zimmermann
one (i.e. that the elds

ommute at spa elike separated points), is an o-shell

for the Feynman diagrams and the
di ulty with
relativisti

ausality

ondition

orrelation fun tions. At the experimental level, the

omes from the fa t it is hard to lo alize parti les des ribed by

wave pa kets that are on shell.

The paper is stru tured as follows. In se tion 2 we study the fakeons and the
ization in nonerlativisti

me hani s. In se tion 3 we study the asymptoti

lassi-

expansion of

the fakeon proje tion. In se tion 4 we analyze the issues that arise at the nonperturbative
level. In se tion 5 we re all the basi

aspe ts of the

lassi ization of quantum gravity. In

se tion 6 we study the FLRW solution. In se tion 7 we give details on how to pro eed in

5

the non-higher-derivative approa h (1.2). Se tion 8

2

ontains the

Fakeon proje tion in nonrelativisti

on lusions.

me hani s

In this se tion and the next one we study the fakeon proje tion and its resummation in
some models of nonrelativisti
key

me hani s, whi h provide a simple environment where most

on eptual issues are already in play. We

LHD =
where

x

The
unproje

onsider the higher-derivative Lagrangian

m 2
(ẋ − τ 2 ẍ2 ) − V (x, t),
2

m is the mass and τ is a real onstant.
simplest ase is V (x, t) = −xFext (t), where Fext (t) is an
ted equation of motion is mK ẍ = Fext , where
is the

oordinate,

external for e.

The

d2
,
dt2

(2.2)

mẍ = hFext iK .

(2.3)

K = 1 + τ2
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(2.1)

and the proje ted one reads

As re alled in the introdu tion, the

lassi al fakeon average is



1 1
1
A,
hAiX ≡
+
2 X rit X adv

(2.4)

the subs ripts denoting the retarded and advan ed potentials, respe tively. We nd [8℄

mẍ =

Z

∞

du

−∞

2.1

sin(|u|/τ )
Fext (t − u).
2τ

(2.5)

Fakeon averages

Before moving to the

ases where the resummation of the fakeon proje tion plays an

important role, it is useful to he k out the fakeon average
If the external for e is Gaussian,

hFext iK

in some simple examples.

 γ 
Fext (t) = exp − t2 ,
2

the fakeon average returns a wiggling fun tion, as shown in g. 2:

hFext iK =

r




γt + i
π −1/(2γ)
it
e
Im e Erf √
.
2γ
2γ
6

(2.6)

1.2
1.0
0.8
0.6
0.4

-30

-20

10

-10

20

30

Figure 2: Fakeon average ( ontinuous line) of a Gaussian fun tion (2.6) (dashed line) with

τ =1

and

γ = 1/8.

The average

hPn (t)iK

of a polynomial

of the same degree, whi h
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2

2

htiK = t, ht iK = t − 2τ

2

Pn (t)

an be determined from

. These results

an be also veried by taking the limits

D

−γt2 /2

lim Pn (t)e

γ→0
Similarly, we nd

heiωt iK =
et ., for

n is another polynomial Qn (t)
KQn = Pn . For example, h1iK = 1,

of degree

eiωt
,
1 − ω2τ 2

E

K

heit/τ iK =

.

(2.7)

eit/τ
(τ − 2it),
4τ

ω < 1/τ .

The resummation of the fakeon proje tion often leads to multiple averages, su h as

hhFext ii, hhhFext iii,

et . If we want to know how to handle these expressions, we must go

ba k to the origin of the proje tion, rooted in quantum eld theory.

shown that when two or more fakeon thresholds
of distin t thresholds. From this property we

lim P
ǫ→0

where

P

Yn+1
i=1

Spe i ally, if

[2℄ it was

oin ide, they must be treated as limits

an easily prove the identity

(−1)n dn 1
1
=
P ,
x − ǫci
n! dxn x

denotes the prin ipal value and

allows us to raise

In ref.

ci

(2.8)

are arbitrary distin t numbers. This formula

P to arbitrary powers and so ompute the multiple
F̃ext (ν) is the Fourier transform of Fext (t), we have
Z +∞
dν e−iνt F̃ext (ν)
.
hFext iK = P
2 2
−∞ 2π 1 − τ ν
7

averages.

Squaring the average by means of (2.8), we nd

1d
[htFext iK − thFext iK ]
hhFext iK iK = hFext iK +
2
dt
Z ∞
du
(sin |u| − |u| cos u) Fext (t − τ u).
=
−∞ 4
With the help of a limit like (2.7), it is easy to
and

hht2 iK iK = t2 − 4τ 2 .

he k that

(2.9)

hh1iK iK = 1, hhtiK iK = t

In analogous ways, formulas for more repeated averages

an be

worked out.

2.2

Harmoni

os illator with an external for e

The resummation of the proje tion is important in the next example, whi h is the harmoni
os illator with an external for e:
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V (x, t) =
We view

ω2

m 2 2
ω x − xFext (t).
2

as the expansion parameter. The unproje ted equation of motion is

2

mK ẍ + mω x = Fext = mK̃




d2
2
+ Ω x,
dt2

(2.10)

where

1
Ω= √
τ 2

q

1−

√

1−

1
Ω̃ = √
τ 2

4τ 2 ω 2,

q

1+

√

1 − 4τ 2 ω 2 ,

The resummed proje ted equation, whi h makes sense for
obtained by inverting the operator

K̃

a

ording to the

result is

m



2



d
+ Ω2 x = hFext iK̃ =
dt2

If we expand the average ba k in powers of

Z

∞

du
−∞

ω2,

K̃ = τ 2 Ω̃2 + τ 2

ω < 1/(2τ ),

d2
.
dt2

an be qui kly

lassi al fakeon pres ription. The



sin Ω̃|u|
2τ 2 Ω̃

Fext (t − u).

(2.11)

we nd

hFext iK̃ = hFext iK + τ 2 ω 2 (1 + τ 2 ω 2 )hhFext iK iK + τ 4 ω 4 hhhFext iK iK iK + O(ω 6 ),
whi h shows that the identity (2.8) is

ru ial to deal with the multiple averages that lead

to the proje ted equation (2.11) from the unproje ted equation (2.10).
The fakeons that are proje ted away are the solutions of



x(t) = C cos Ω̃t + ϕ .
8

K̃x = 0,

i.e.

The result of the resummation highlights some nontrivial, nonperturbative ee ts that
ome into play beyond the

Ω

the frequen ies

and

Ω̃

onvergen e radius of the expansion. Indeed, for

be ome

omplex and the fakeon proje tion jumps into another

phase, where all four independent solutions are una
In more

ompli ated

ω > 1/(2τ )

eptable and must be proje ted away.

ases it may be hard to tell what the fakeon proje tion be omes

nonperturbatively. In prin iple, settling this issue requires knowledge of the nonperturbative se tor of quantum eld theory. However, workarounds are available in lu ky situations,
as we show in se tion 6.

3

Fakeon proje tion by asymptoti

When the potential

V

ontains anharmoni

expansion

terms, the equations must be treated self

onsistently. One way to handle the fakeon proje tion, whi h we investigate in this se tion, is by means of an iterative pro edure. The proje ted equations that we obtain are
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nonpolynomial and must in general be interpreted as asymptoti
To begin with, let us

expansions.

onsider the Lagrangian (2.1) with the potential

m 2 2 λ 4
ω x + x.
2
4!

(3.1)


 2

4
d2
d
λx3
2 d
2
2
x
=
m
K̃
x
=
−
+
τ
+
ω
+
Ω
.
dt2
dt4
dt2
3!

(3.2)

V =
The unproje ted equation of motion is

m
We assume



ω < 1/(2τ ).

If we resum the expansion in powers of

ω2

as explained in the

previous se tion, we obtain the proje ted equation

m




λ
d2
2
+ Ω x = − hx3 iK̃ ,
2
dt
3!

whi h must still be understood perturbatively in

(3.3)

λ.

One way to deal with (3.3) is to sear h for a solution of the form

x(t) = x0 (t) +

∞
X

λ̃n xn (t),

n=1

where

x0 (t) solves the homogeneous equation ẍ0 = −Ω2 x0 . We


 2
1 3
1
d
d2
2
2
+ Ω x1 = − hx0 iK̃ ,
+ Ω x2 = − hx1 x20 iK̃ ,
2
2
dt
3!
dt
2

λ̃ = λ/m


and

9

get

et ., whi h

an be solved by means of the fakeon averages and the rules outlined before.

Another way is to write a generi



expansion for the right-hand side,


∞
n
X
X
d2
2
n 2n−2
cn,k x2n−2k (τ ẋ)2k ,
+Ω x=x
λ̃ τ
2
dt
n=1
k=0

(3.4)

insert it into the unproje ted equation (3.2) and determine the unknown
by mat hing the monomials. So doing, we
high orders in

λ̃.

oe ients

cn,k

an build the proje ted equation to arbitrarily

To the rst order, we obtain



2

i
h
λ̃x (Ω̃2 − 7Ω2 )x2 − 6ẋ2



d
+ Ω2 x = −
+ O(λ̃2 ).
2
2
2
2
2
dt2
6τ (Ω̃ − Ω )(Ω̃ − 9Ω )

At higher orders we nd very involved expressions. For the sake of simpli ity, from this
point onwards we take

ω = 0

generalized straightforwardly to nonvanishing
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Ω = 0, Ω̃ = 1/τ ).
ω . To the third order

(whi h means

Every result
we obtain

 λ̃2 τ 2 x 4

λ̃x 2
2 2
x − 6τ ẋ −
x − 48τ 2 x2 ẋ2 + 372τ 4 ẋ4
ẍ = −
6
12

λ̃3 τ 4 x 6
−
x − 156τ 2 x4 ẋ2 + 4572τ 4 x2 ẋ4 − 31152τ 6ẋ6 + O(λ̃4 ).
6

The trun ation of the proje ted equation to a nite order
expansion is asymptoti

and the

n,

whi h we have

omputed up to

n
cn,0
cn,n

5
100
109

10
106
1028

oe ients

expansion in powers of

τ

λ̃

is polynomial. The

cn,0

and

cn,n

(4n)!.

for various

n = 25:
15
1013
1052

20
1022
1078

25
1032
10107

Note that the expansion we are dealing with does not

2

in

(3.5)

oe ients grow very fast, although slower than

In this table we give the orders of magnitude of the
values of

n

an be

(3.6)

oin ide with the low-energy

, whi h treats the higher-derivative term

Instead, we are expanding in the dimensionless parameter

λ̃,

τ 2 d2 /dt2

as small.

so ea h trun ation gives

a solution that in prin iple holds for all times.

The pri e we pay is that we have to

handle more involved trun ations.

Indeed, the

oe ient

λ̃n τ 2n+2k−2 , be omes relevant at
at the (n + k + 1)th order of the

nth

the

cn,k ,

whi h is multiplied by

order of the expansion in powers of

expansion in powers of

the latter grows mu h more slowly than the former.
10

τ

2

λ̃,

but only

. As we see already from (3.5),

1.0
0.5

240

250

260

270

280

290

300

-0.5

-1.0

Figure 3: Solution

λ = 1/10.

x(t)

The sparsely dashed line is

ontinuous line is

x(0) = 1, ẋ(0) = 0, m = τ = 1,
n = 1. The densely dashed line is n = 2, while the
remains stable from n = 3 to n = 10.

of the trun ated equation (3.5) for

n = 3.

The solution

The expansion of the proje ted Lagrangian
write a generi

expansion in

x, ẋ

L

an be worked out in a similar way. We

and determine its

oe ients by demanding that the
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Lagrange equations be equivalent to (3.5). The result is

 τ 2 λ̃2 x2 4
ẋ2 λ̃x2 2
L
x + 12τ 2 ẋ2 +
=
−
(x − 54τ 2 x2 ẋ2 + 372τ 4 ẋ4 ) + O(λ̃3 ).
m
2
4!
72

The energy

E

an be obtained from

and working out the

L

or, again, by writing the most general expansion

oe ients that make

dE/dt

vanish on the solutions of (3.5):

 τ 2 λ̃2 x2 4
E
ẋ2 λ̃x2 2
2 2
x − 12τ ẋ −
=
+
(x + 54τ 2 x2 ẋ2 − 1116τ 4 ẋ4 ) + O(λ̃3 ).
m
2
4!
72

For ea h trun ation to order
we

n,

the proje ted equations

ompare the solutions for growing

solutions. The lowest values of

n

Then we nd stable results in a

n, we observe the typi

give results that are a
ertain window

an be solved numeri ally. If

al behaviors of the asymptoti

eptable, but not very a

n1 6 n 6 n2 ,

whi h provides the best

approximation of the exa t solution. Finally, unreliable behaviors appear for
general gounds,

n2

is proportional to

1/λ̃.

Asymptoti

urate.

expansions

n > n2 .

On

annot be arbitrarily

n1 6 n 6 n2 is pre ise enough.
For example, with the initial onditions x(0) = 1, ẋ(0) = 0 and m = τ = 1, λ = 1/10,
we nd the traje tories of g. 3. The solution with n = 1 is not very a urate, while
the one with n = 2 is onsiderably better. The traje tory remains stable in the window
3 6 n 6 10. The robust stability is a benet of the stability of the potential (3.1). With
dierent values of λ we nd n2 ∼ 1/λ.
pre ise, but in several situations the window
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4

The nonperturbative fakeon proje tion

The nonperturbative fakeon proje tion

an only follow from the knowledge of the nonper-

turbative se tor of quantum eld theory. Indeed, it is easy to show that, when asymptoti
expansions are the best we have, at the nonperturbative level the arbitrariness asso iated
with the essential singularities takes us ba k to the unproje ted equations.
Let

SHD (φ, λ, τ )

φi , i =
h that SHD (φ, 0, τ )

denote a higher-derivative a tion that depends on the elds

1, . . . N , and their rst M time derivatives. Let λ denote the ouplings, su
is free. Let τ denote the parameters that multiply the higher-derivative
that SHD (φ, λ, 0) is the non-higher-derivative a tion.

orre tions, su h

We assume that all the degrees of freedom due to the higher derivatives are quantized as
fakeons. We fo us on the dependen e on the time
on the spa e

oordinates

x, y , z .
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elds

φ

x, y

are bosoni , so the eld equations depend on

We have three versions of the

t and

ignore any dependen e

It is understood that, when we talk about initial or

integration  onstants, they may be fun tions of

i

oordinate

and

i

φ , φ̇

z.
i

We also assume that the

and

φ̈i

at

τ = 0.

lassi al equations:

(a) the higher-derivative equations

i
EHD
(φ, λ, τ ) = 0,
whi h are exa t, but unproje ted; they are satised by the a

(4.1)
eptable solutions, but also

by the fakeon solutions, whi h must be dis arded;
(b) the proje ted equations

EPi (φ, λ, τ ) = 0
whi h are understood perturbatively in

(4.2)

λ;

(b) the exa t proje ted equations

i
EPnP
(φ, λ, τ ) = 0,
whi h

(4.3)

an in prin iple be determined by studying the nonperturbative se tor of the parent

quantum eld theory.
In the example treated above, (a) are (3.2) and (b) are (3.3). We assume that (c) are
not known. However, we assume that they exist.
Now, let

φi = f i (t, λ, τ, cia)
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(4.4)

denote the solutions of (4.1), where
parametrize the initial
parti ular

cia

are the integration

onstants (a

= 1, . . . M )

onditions. The solutions of the exa t proje ted equations (4.3) are

ases of (4.4). They have the form

φi = f i (t, λ, τ, dia (ai , bi , λ, τ )),
where the

dia

onstans

(4.5)

are not independent, but fun tions

dia (ai , bi , λ, τ )
of

λ, τ

and

that

2N

independent integration onstants

(4.6)

ai , bi .

The solutions of (4.2) are parti ular

ases of (4.5),

φi = f i (t, λ, τ, cia (ai , bi , λ, τ )),
where the fun tions

λ

and
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are only known as asymptoti

oin ide with the asymptoti

The dieren e
whi h

cia (ai , bi , λ, τ )

annot be

ia

i

i

(4.7)
expansions in powers of

expansions of (4.6).

ia

d (a , b , λ, τ )−c (ai , bi , λ, τ ) is made of essential singularities for λ → 0,
worked out from the sole knowledge of (a) and (b). If we attempt a

resummation (with the Borel method, for example, when appli able), the solution will
unlikely satisfy (4.1). The spa e of fun tions that have the same asymptoti expansions and
satisfy (4.1) at the same time obviously

oin ides with the spa e of unproje ted solutions

(4.4).
This means that, unless we have dire t knowledge about the nonperturbative se tor
of the parent quantum eld theory, we

annot write exa t

lassi al eld equations and

mostly have to work with their perturbative form.
However, workarounds may be available in spe ial

ases by means of resummations.

Even in quantum eld theory we have example of exa t results that
the perturbative expansion.

an be derived form

We mention the anomalies (whi h are one-loop exa t), the

renormalization group ow (whi h allows us to resum the leading logs, the next-to-leading
logs, et .), the parti le self-energies, obtained by resumming the bubble diagrams (whi h
give the parti le lifetimes, among other things), and so on. Similarly, there are
in spite of the di ulties stressed in this se tion, we

ases where,

an get to the exa t proje ted solutions

(4.5) in quantum gravity. In the following se tions we des ribe some important examples.

5

The

lassi al limit of quantum gravity

Before pro eeding, we briey re all the basi
gravity. At the

on eptual level, it is

aspe ts of the

lassi ization of quantum

onvenient to work with the non-higher-derivative
13

interim

lassi al a tion (1.2). The eld equations of the metri

read


κ2  3κφ µν κφ
1
e f Tm (g̃e , Φ) + f Tφµν (g̃, φ) + Tχµν (g, χ) ,
Rµν − g µν R =
(5.1)
2
ζ
√
µν
where TA (g) = −(2/ −g)(δSA (g)/δgµν ) are the energy-momentum tensors (A = m, φ,
p
χ) and f = det g̃ρσ / det gαβ . The eld equations of the fakeons φ and χµν are [8℄
p
 m2
 κφ κe3κφ µν κφ
1
φ
κφ
µν
√
∂µ
e −1 e =
T (g̃e , Φ)g̃µν ,
−
−g̃g̃ ∂ν φ −
κ
3ζ m
−g̃
1 δSχ (g, χ)
√
= e3κφ f Tmµν (g̃eκφ , Φ) + f Tφµν (g̃, φ).
−g δχµν

Let

hφi

and

hχµν i

denote the solutions of the equations (5.2), obtained with the half

sum of the retarded and advan ed Green fun tions.
(5.1), on e

φ and χµν

are repla ed by
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equations of the nalized

hφi and hχµν i.

The proje ted eld equations are

They

an also be derived as Lagrange

lassi al a tion

GFF (g, Φ) = S (g) + S (g, hχi) + S (ḡ, hφi) + S (ḡeκhφi , Φ).
SQG
H
χ
φ
m
where

(5.2)

(5.3)

ḡµν = gµν + 2hχµν i.

As said, we have to understand the proje tion perturbatively and deal with the issues
explained in the previous se tions. In the next se tions we study the resummation of the
perturbative proje tion in the

ase of the FLRW solution. At the pra ti al level, it is more

onvenient to work with the interim a tion (1.1), but in se tion 7 we give details on how
to obtain the same results by working with (1.2).

6

The

It is often
as in the

lassi ization of the FLRW solution

onvenient to sear h for solutions of the eld equations starting from an ansatz,
ase of the FLRW metri . However, in general, it is not legitimate to insert the

ansatz dire tly into the a tion and work out the Lagrange equations of the so-obtained
redu ed a tion.

Indeed, the ansatz redu es the spa e of

ongurations.

or more generally extremum, of the a tion on the redu ed spa e of

A minimum,

ongurations is not

guaranteed to be a minimum or extremum on the full spa e.
However, under

ertain

onditions it is possible to obtain the

motion by applying the variational prin iple to the redu ed a tion.

orre t equations of
We derive the key

properties to a hieve this goal and then apply the method of the redu ed a tion to the
FLRW ansatz.
14

6.1

Method of the redu ed a tion

Consider an a tion

S(φ)

depending on the elds

are

φi , i = 1, . . . N .

The Lagrange equations

δS
= 0.
δφi

(6.1)

φi = f i (ϕ)

(6.2)

Consider an ansatz

that expresses the elds

φi in terms of a redu

ed set of elds

ϕα , α = 1, . . . M , with M < N .

The redu ed a tion is then

Sr (ϕ) = S(f (ϕ))
and its eld equations read
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δS
δSr (ϕ)
=
0=
α
δϕ
δφi

φ=f (ϕ)

δf i (ϕ)
.
δϕα

(6.3)

Now, assume that
(i) the
(ii)

M

algebrai

M

equations (6.3) are independent, and

equations (6.1) are independent and the other

relations among the

M

independent ones.

N −M

equations (6.1) are

Then, the equations (6.1) are equivalent to the equations (6.3) derived from the redu ed
a tion

Sr .

Typi ally, point (ii)

an be established by means of symmetry arguments and other

properties of the ansatz. Point (i) is easy to

he k dire tly.

If the relations mentioned in point (ii) happen to be dierential instead of algebrai ,
further assumptions must be advo ated to obtain the right set of equations after the
redu tion.

6.2

The FLRW metri

Now we apply the method of the redu ed a tion to the FLRW metri , whi h we parametrize
as

ds2 = gµν dxµ dxν = b2 (t)dt2 − a2 (t)dσ 2 ,
where, in spheri al polar

oordinates,

dσ 2 =

dr 2
+ r 2 dθ2 + r 2 sin2 θdφ2 .
1 − kr 2
15

(6.4)

The lapse fun tion

b(t) is inserted to meet the requirements explained above and keep tra

k

of the time reparametrizations. Indeed, we know that the FLRW ansatz redu es the eld
equations to two independent ones, so we need two independent fun tions
have a meaningful redu ed a tion
prin iple to

Sr .

We

an set

Sr .

b(t) ≡ 1

a(t)

and

b(t)

to

after applying the variational

Under the usual assumptions of homogeneity and isotropy, the matter stress tensor is

(Tm )νµ = ρ(t)δ0ν δµ0 − p(t)δiν δµi ,
where

ρ

is the energy density and

p

is the pressure,

i = 1, 2, 3

the redu ed version of the a tion (1.1) of quantum gravity

r 2 sin θ
1
√
SQG → −
16πG 1 − kr 2
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where

m2φ = ζ/ξ

and the Ri

i

Z

(6.5)
being a spa e index. Then

oupled to matter reads

R
dta3 bR 1 −
6m2φ

!

+ Sm ,

(6.6)

urvature for the ansatz (6.4) is

R = −6

ä
ȧ2
ȧḃ
k
+
− 3+ 2
2
2
2
ab
ab
ab
a

!

.

(6.7)

The arrow in formula (6.6) and in the formulas below means that we ignore the integrals
on

r

and the angles

θ

and

ϕ,

whi h give an overall (innite) fa tor that

an be dropped

for the purpose of applying the variational prin iple.

α-dependent terms of (1.1) an el out, be ause they are proportional to
µνρσ
µνρσ
the square of the Weyl tensor C
, up to a total derivative, and C
vanishes identi ally
Note that the

for the metri

(6.4).

We do not have a well-dened expression for

δSm

the innitesimal variation

1
δSm = −
2

Z

4

d x

√

Sm ,

with the stress tensor (6.5). However,

is enough for our purposes. It reads

−g(Tm )νµ g µρ δgνρ

r 2 sin θ
→√
1 − kr 2

If we vary the redu ed a tion with respe t to

a

and

b

Z

dta2 (3pbδa − ρaδb) .

and then set

the unproje ted equations

Σ
where



Σ

k
ä ȧ2
+ 2+ 2
a a
a
and

Υ



4πG
=
(ρ − 3p),
3

ä ȧ2
k
Υ
− 2− 2
a a
a




b(t) ≡ 1,

= −4πG(ρ + p),

we obtain

(6.8)

are the operators

1
Σ=1+ 2
mφ



d d
ȧ
,
3 +
a dt dt

 

2 k
d ȧ
.
Υ= Σ+ 2
+3
mφ a2
dt a
16

(6.9)

The

ontinuity equation

ȧ
ρ̇ + 3(ρ + p) = 0
a

is the same as usual. It follows from the
be

he ked by solving (6.8) for

ρ

and

(6.10)

onservation of the stress-energy tensor and

an

p.

It is easy to verify that the equations (6.8) mat h those obtained by inserting the ansatz
(6.4) with

b(t) ≡ 1 into the

eld equations of (1.1) (whi h

an be found for example in ref.

[8℄), as guaranteed by the method of the redu ed a tion.

6.3

Proje tion

Sin e the left-hand sides of the equations (6.8) fa torize the operators
summed fakeon proje tion is straightforward. If we multiply (6.8) by
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by means of the

Σ

−1

Σ

and

and

Υ

Υ,
−1

the re-

, dened

lassi al fakeon pres ription, we obtain the proje ted equations

ä
+
a
ä
−
a

ȧ2
k
4πG
+ 2=
hρ − 3piΣ ,
2
a
a
3
ȧ2
k
− 2 = −4πGhρ + piΥ ,
2
a
a

(6.11)
(6.12)

where the fakeon averages are dened in (2.4).
For some purposes, it is
pressure

p̃

onvenient to dene a modied energy density

ρ̃ and a modied

as

1
3
ρ̃ = hρ − 3piΣ + hρ + piΥ ,
4
4
1
1
p̃ = hρ + piΥ − hρ − 3piΣ ,
4
4

(6.13)
(6.14)

and rearrange (6.11) and (6.12) in forms that mat h the usual Friedmann equations:

ȧ2
k
8πG
+ 2=
ρ̃,
2
a
a
3
k
ä ȧ2
2 + 2 + 2 = −8πGp̃.
a a
a
Adding the derivative of (6.15) to a suitable linear
it is easy to get the se ond

(6.15)
(6.16)

ombination of the two equations,

ontinuity equation

dρ̃
ȧ
+ 3 (ρ̃ + p̃) = 0,
dt
a
satised by the modied energy density and pressure.
17

(6.17)

Depending on the problem at hand, the fakeon proje tion en oded in the equations
(6.11) and (6.12) may or may not be the nal, exa t one. It is exa t in some important
ases, whi h in lude the va uum energy density, radiation and their
not exa t in other

ombination.

It is

ases, whi h in lude dust ( old matter). There, however, approximate

solutions are enough for most purposes.

Va uum energy density
Now we show that in the

ase of the va uum energy the solutions of the proje ted equations

oin ide with the solutions of the Friedmann equations that follow from Einstein gravity.
The equation of state is
onstant. It is

p = −ρ,

so the

a(t) = eσt +
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σ

ρ = ρ0 =

onvenient to start by solving (6.12), sin e its right-hand side vanishes. The

solution reads

where

ontinuity equation (6.10) gives

is another

k −σt
e ,
4σ 2

onstant. The third integration

(6.18)

onstant has been absorbed into a time

translation.

ρ = ρ0 imply Σρ = ρ. Thus, we also have hρiΣ = ρ
and, from (6.13)-(6.14), ρ̃ = ρ, p̃ = p = −ρ. Then, equation (6.11) gives a relation between
the two onstants ρ0 and σ , whi h reads
To study (6.11), note that (6.18) and

3σ 2
.
8πG

ρ0 =

(6.19)

Radiation
Similar

on lusions hold in the

(6.10) gives

where

ρ′0

is

ase of radiation, where

p = ρ/3.

The

ontinuity equation

ρ′0
ρ(t) = 4 ,
a

(6.20)

onstant. Solving (6.11), whose right-hand side vanishes, we get

a(t) =
up to a time translation,

σ′

being another

Using (6.20) and (6.21) we easily nd

p

t(σ ′ − kt),

onstant.

Υρ = ρ,

so

equation (6.12) gives

ρ′0 =

(6.21)

3σ ′2
.
32πG
18

hρiΥ = ρ, ρ̃ = ρ, p̃ = p = ρ/3.

Then,

Combination of radiation and va uum energy density
Consider the equation of state

p=
where

ρ0

and

p0 = −4ρ0 /3 are

us to treat the

1
ρ
+ p0 = (ρ − 4ρ0 ),
3
3

(6.22)

onstants. The interesting feature of (6.22) is that it allows

ombination of radiation and the va uum energy density, whi h

useful to study ination. As before, we
(6.13) and (6.14) give

p̃ = (ρ̃ − 4ρ0 )/3.

an be

an solve the proje ted equations exa tly, sin e
For

onvenien e, we write

ρ0 = 3σ 2 /(8πG).

The

ontinuity equation (6.17) gives



3
σ ′2
2
ρ̃(t) =
σ + 4 ,
8πG
4a
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where

σ′

is

onstant. Inserting this solution into (6.15), we get

a(t) =

s

up to a time translation. We
we retrieve (6.21). For
We

(6.23)

an

σ′ → 0

an nd the energy

sinh(σt)
σ




k
σ ′ cosh(σt) − sinh(σt) ,
σ

(6.24)

he k that (6.24) satises (6.16) identi ally. When

σ→0

k < 0, we obtain a time-translated version of (6.18).
density ρ from the se ond unproje ted equation of formula
and

(6.8). The result is very similar to (6.23),

3
ρ(t) =
8πG



σ ′′2
σ2 + 4
4a



oe ient of the

σ ′′2 = σ ′2

,

4σ 2
1+ 2
mφ

!

,

the only

hange being the

ontribution due to the radiation. This is also

the only

orre tion to the result obtained from the Einstein equations.

General ase
In general, if we assume the equation of state
satisfy an

a-dependent

the modied pressure and density

dierential equation of state, whi h reads

p̃ = w ρ̃ −
where

p = wρ,

∆ = Υ−Σ and the re

(1 + w)(1 − 3w)
∆ρ̃.
3(1 + w)Σ + (1 − 3w)Υ

(6.25)

ipro al operator that appears here has to be dened by means

of the fakeon pres ription (2.4).
19

The

ontinuity equation (6.10) gives the usual relation

ρ(t) =
where

σ′

is

onstant. It is

1
3σ ′2
,
3(1+w)
32πG a
u(t)

onvenient to introdu e a fun tion

2/(3(1+w))

a(t) = [3σ ′ (1 + w)u(t)/4]

Then the unproje ted equations (6.8) give, in the simple

by writing

.

ase

k = 0,

4w u̇2 ü 1 − 3w u̇4
...
−
.
m2φ (1 − u̇2 ) = 2u̇u − ü2 −
1+w u
1 + w u2
The fakeon proje tion of this equation is rather hard, sin e it
that we
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ontains no parameter

an use to approa h the problem perturbatively, other than

expand in powers of

τ

we obtain the usual low-energy expansion, e.g.

"

13 + 34w − 219w 2 1
1 − 3w 1
+
+O
u(t) = t 1 −
2(1 + w) m2φ t2
24(1 + w)2
m4φ t4
As in se tion 3, the series is asymptoti
For example, in the

ase of dust (w

Depending on the values of

mφ t,

and the numeri al

= 0)

the

oe ient of

(6.26)

τ ≡ 1/mφ .

1
m6φ t6

!#

.

If we

(6.27)

oe ients grow very fast.

1/(mφ t)14

various terms of the asymptoti

is of order

108 .

expansion may oer a

stable, satisfa tory approximation of the exa t solution.
The reason why the proje tions that appear in (6.11) and (6.12), whi h are resummed
versions of those obtained by expanding around at spa e, are not the exa t proje tions
for the problem we are dealing with, is that the solutions for
worked out self- onsistently.
given

ρ(t)

and

p(t)

(see

The equations would be exa t

a(t), ρ(t) and p(t) must be
if a(t) had to be found for

omments below).

We expe t that the masses of the fakeons

χµν

and (possibly)

mu h smaller than the Plan k mass. On general grounds, they
[4℄. If that is the

ase, the value of the parameter

the higher time derivative

d/dt,

is around

10

−36

at

t ∼ 5 · 10

years.

the dark energy era.
stri tly ne essary in

have values that are

ould be around

τ ∼ 1/mχ ∼ 1/mφ ,

1012 GeV

whi h multiplies

s. We know that the rst moments of the

life of the universe were dominated by radiation, with a

4

φ

rossover to matter dominan e

The matter dominated epo h lasted about

1010

years, followed by

Thus, an exa t treatment of the matter dominated epo h is not
osmology and the rst few orders of (6.27)

purposes. As shown previously, the radiation dominated era
in superposition with the va uum energy density.
20

an be enough for most

an be treated exa tly, even

Other ases where the proje tion an be worked out exa tly
We

on lude by pointing out other situations where the proje tion

The rst

ase is when we need to nd the FLRW metri

an be handled exa tly.

ρ

for given sour es, i.e.

and

p

do

not have to be determined self- onsistently, but are given fun tions, known from the start.
Then, the proje tion en oded in equations (6.11) and (6.12) is exa t. The solutions do not
oin ide with those predi ted by Einstein gravity and averages similar to those found in
se tion 2 appear. The

ase is to some extent similar to the

ase of the harmoni

os illator

with an external for e, whose fakeon proje tion is en oded in formula (2.11).
We stress that, on the

ontrary, when

with the metri , the proje tion

ρ, p

have to be solved self- onsistently together

ontained in the equations (6.11) and (6.12) must still be

understood perturbatively. The iterative methods of se tion 3
asymptoti

expansions of the solutions, whi h may be satisfa tory for some purposes. An

example is the FLRW metri
The se ond
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an be used to work out the

for nonrelativisti

ase where we

matter.

an handle the fakeon proje tion exa tly is when for some

reason we are given an equation of state expressing

p̃

as a fun tion of

ρ̃

only. Then, the

problem of solving the equations (6.15) and (6.16), with the help of (6.17), mat hes the
problem of solving the Friedmann equations of Einstein gravity.
One may wonder whether it is possible to make the fakeon averages ee tively disappear
by redening the density and pressure everywhere, so that
we really observe or measure, instead of
so, but in some

ρ

and

p.

ρ̃

and

p̃

des ribe the quantities

In general, it is not legitimate to do

ases, depending on the data available to us, we may have no other

option. More pre isely, the relations (6.13) and (6.14) between
parti ular problem we deal with, to the extent that they

ρ̃, p̃ and ρ, p depend on the

ontain the metri

and the ansatz

we are using. Other problems may lead to dierent formulas for the modied quantities

ρ̃

p̃.

and

Moreover, dierent intera tions, su h as the ele tromagneti

to the unmodied

p

by

ρ

and

p.

ones, are sensitive

Thus, it possible to probe the relations between

omparing dierent physi al situations. However, when these

ρ̃, p̃

and

ρ,

omparisons are out

of rea h, maybe be ause not enough data are available, it may be impossible to tell that
equations (6.15) and (6.16) are a tually des endants of the parent equations (6.11) and
(6.12).
A similar

on lusion extends to the problem of dete ting the violations of mi ro ausal-

ity. Unless we are able to

ross

he k dierent physi al situations, it may be impossible to

un over the violation, be ause it may be easily hidden inside redenitions of the quantities
we measure.
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7

Non-higher derivative approa h to the FLRW solution

For

ompleteness, we report how the solutions are worked out from the a tion (1.2). We

start from the ansatz

gµν dxµ dxν = b̄2 (t)dt2 − ā2 (t)dσ 2 ,

χµν dxµ dxν = d(t)dt2 − e(t)dσ 2 ,
With this

φ = φ(t).

(7.1)

hoi e, we have the right amount of independent fun tions to derive the eld

equations by means of the redu ed a tion approa h. Alternatively, we

an insert the ansatz

dire tly into (5.1) and (5.2).
Anti ipating the result, it is

b̄2 = B 2 − 2d,

19A1 Renorm

The metri

that ee tively

onvenient to dene

ā2 = A2 − 2e,

A = ae−κφ/2 ,

B = be−κφ/2 .

ouples to matter reads

g̃µν eκφ dxµ dxν = b2 (t)dt2 − a2 (t)dσ 2 ,
g̃µν = gµν + 2χµν .
Now we study the ā, b̄, φ, d and e

where

eld equations, starting from the

Σ(1 − e−κφ ) = −
It

φ

one, whi h reads

8πG
(ρ − 3p).
3m2φ

(7.2)

an be proje ted straightforwardly, leading to

1 − e−κφ = −

8πG
hρ − 3piΣ .
3m2φ

If we set

e−κφ = 1 −
where

R

(7.3)

R
,
3m2φ

(7.4)

is still given by (6.7), equation (7.3) be omes equivalent to equation (6.11).

Sin e the FLRW metri
make the

α

has a vanishing Weyl tensor, the fun tions

dependen e disappear from the eld equations.

d(t) and e(t) should

This goal is a hieved by

hoosing

1
d(t) = 2
mχ

Ä
ȦḂ
Ȧ2
B2
−
2
+
2
+
k
A2
A
AB
A2
22

!

,

1
e(t) = − 2
mχ

!
Ȧ2
+k ,
B2

m2χ = ζ/α.

b(t) ≡ 1, we an drop the χµν eld equations, obtained from
variations with respe t to d and e, sin e it is easy to prove that they are equivalent to
equations obtained from ā and b̄. At the end, the equations (5.1) oin ide with (6.8)

where
the
the
and

On e we set

an be proje ted as before, leading to (6.11) and (6.12).

In the

ase of radiation, (7.4) gives

φ = 0,

while in the

ase of the va uum energy

density we obtain

4σ 2
1
φ = − ln 1 + 2
κ
mφ
where

σ is the

!

,

(7.5)

onstant appearing in (6.18). Formula (7.5) also holds in the

ase of radiation

ombined with the va uum energy density. Conversely, if we start from the ansatz
onstant, equation (7.2) implies

ρ − 3p =

φ=

onstant, whi h is the equation of state of the

ombination of radiation and the va uum energy density.
We see that by extending the standard FLRW ansatz (6.4) to (7.1), the presen e of the

χµν

does not ae t the solution. It is

19A1 Renorm

osmology [20℄

on eivable that many results obtained in inationary

an be extended to the full theory of quantum gravity studied here, whi h

has the advantage of being renormalizable.

8

Con lusions

When fakeons are present, the starting, lo al
true

lassi al a tion emerges only at the very end, after the quantization, by means of a

pro ess of
is not

lassi al a tion is just an interim one. The

lassi ization of the quantum theory. The reason is that the fakeon pres ription

lassi al, but emerges from the loop

orre tions.

Quantum eld theory is formulated perturbatively, so the
bative. The

lassi ization is also pertur-

onsequen es of this fa t are quite striking: instead of having

omplete, exa t

lassi al equations, we deal with the typi al problems of quantum eld theory, even if we
work at the

lassi al level. These in lude the appearan e of asymptoti

series (when we

write the equations, not just when we sear h for their solutions) and possibly important
roles played by the nonperturbative
quantization on the

orre tions. As far as we know, this ba klash of the

lassi al limit is unpre edented.

We have investigated the problems related to the resummation of the perturbative
expansion asso iated with the fakeon proje tion and applied the results to the FLRW
metri

in quantum gravity.

In some

ases (like the va uum energy, radiation and the

ombination of the two), the fakeon proje tion

23

an be resummed to all orders. In more

general

ases, whi h in lude dust, asymptoti

ee ts may

ome into play.

series are generated and nonperturbative

The impli ations on the very early stages of the big bang

remain to be explored.
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